SPREADING SPEED FOR SOME COOPERATIVE SYSTEMS WITH

NONLOCAL DIFFUSION AND FREE BOUNDARIES, PART 2:
SHARP ESTIMATE ON THE RATE OF SPREADING

YIHONG DUT AND WENJIE NI

ABSTRACT. Thisis Part 2 of a two part series on a class of cooperative reaction-diffusion systems
with free boundaries in one space dimension, where the diffusion terms are nonlocal, given by
integral operators involving suitable kernel functions, and they are allowed not to appear in some
of the equations in the system. Such a system covers various models arising from mathematical
biology, including in particular a West Nile virus model [10] and an epidemic model [33], where
a “spreading-vanishing” dichotomy is known to govern the long time dynamical behaviour, but
the question on spreading speed was left open. In this two part series, we develop a systematic
approach to determine the spreading profile of the system. In Part 1, we obtained threshold
conditions on the kernel functions which decide exactly when the spreading has finite speed, or
infinite speed (accelerated spreading), and when the spreading speed is finite, we showed that
the speed is determined by a particular semi-wave. In Part 2 here, for some typical classes
of kernel functions, we obtain more precise estimates on the spreading rate for both the finite
speed case, and the infinite speed case. These extend the results for a single equation in [12] to
a general system.
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1. INTRODUCTION

This is Part 2 of a two part series aiming to determine the long-time behaviour of cooperative
systems with nonlocal diffusion and free boundaries of the following form:

Opui = diLi[w](t, x) + fi(ur,ua, -, um), t>0, € (g9(t),h(t)), 1 <i<my,
615”2' = fi(u17u27 T aum)7 > 07 T e <g<t)7h(t))7 mo < i < m,
u;i(t,g(t)) = ui(t, h(t)) =0, t>0,1<i<m,

(1.1) {J@t) =- Zm/ Ji(x —y)ui(t, z)dydz, t >0,

i=1 g(t) J—oo

mo h(t) poo
h'(t) = Zui Ji(x — y)ui(t, z)dyde, t>0,
i=1 g(t) h(t)
u; (0, 2) = uip(x), x € [—ho, ho], 1 <i<m,

where 1 < my < m, and for i € {1,...,mp},

h(t)
L;i[v](t,z) = /( | Ji(z —y)v(t,y)dy — v(t, x),
g(t

mo
d; > 0 and p; > 0 are constants, with Z wi > 0.
i=1
The initial functions satisfy

(1.2) U0 € C([—ho,ho]), uio(—ho) = uio(ho) =0, uzo(.%') >0 in (—ho,ho), 1<i<m.
The kernel functions J;(z) (i = 1,--- ,mg) satisfy

(J): J; € C(R) N L*(R) is nonnegative, even, J;(0) > 0, / Ji(z)dx =1 for 1 <i < my.
R

As in Part 1 [11], we will write F' = (f1, ..., fm) € [C*(RT)]™ with
RY :={x = (21, ..., xm) ER™ :2; > 0 for i = 1,...,m},

and use the following notations for vectors in R™:

(i) For x = (x1, - ,xm) € R™, we simply write (z1, - ,zp) as (z;). For x = (zy),
y = (vi) €R™,
> (=2)y means x; > (<) y; for 1 <i<m,
x> (<)y means x> (X)ybutz#y,
x = (=<)y means z; > (<) y; for 1 <i<m.

(ii)) If z <y, then [z,y] :={z e R™ 1z <z < y}.
(iii) Hadamard product: For z = (z;), vy = (v;) € R™,

oy = (zy;) € R™.

(iv) Any z € R™ is viewed as a row vector, namely a 1 X m matrix, whose transpose is
denoted by 27T

Our basic assumptions on F' are:
(f1) (i) F(u) = 0has only two roots in R’?: 0 = (0,0,---,0) and u* = (uj,us,--- ,uy,)>0.
(ii) 0;fi(u) > 0 for i # j and u € [0, 1], where either i = co meaning [0,1] = R, or
u* =<0 € R™; which implies that (1.1) is a cooperative system in [0, Q.
(iii) The matrix VF(0) is irreducible with principal eigenvalue positive, where VF(0) =
(aij)mxm With aij = 8jfl(0)
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(iv) If mo < m then 0;fi(u) > 0 for 1 < j <my <i<m and u € [0,u*].
(f2) F(ku) > kF(u) forany 0 <k <1andue€ [O,ﬁ]
(f3) The matrix VF(u*) is invertible, u*[VF(u*)]? < 0 and for each i € {1,...,m}, either

Z@fz Ju; <0, or

(i)

djfi(u*)uj = 0 and f;(u) is linear in [u* — €91, u*] for some small ¢y > 0, where

(1,..,1) e R™.
et [0, ] is invariant for

= ||\';'P13

(f4) The
(1.3) Ut:DO/J(x—y)oU(t,y)dy—DoU+F(U) fort >0, z € R,
R

and the equilibrium u* attracts all the nontrivial solutions in [0, @]; namely, U(t,x) €
[0,1] for all t > 0,z € R if U(0,z) € [0,1] for all x € R, and lim;_,o, U(t,-) = u* in
Lo (R) if additionally U(0,z) # 0.

loc

In (1.3) we have used the convention that d; = 0 and J; = 0 for mg < i < m, and
D = (di), I(z) = (Ji(x)).

This convention will be used throughout the paper.

The above assumptions on F' indicate that the system is cooperative in [0, @], and of monos-
table type, with u* the unique stable equilibrium of (1.3), which is also the global attractor of
all the nontrivial nonnegative solutions of (1.3) in [0, 4].

Problems (1.1) and (1.3) arise frequently in population and epidemic models. For example,
if mp = m = 2, (1.1) contains the West Nile virus model in [10] as a special case, and with

(mg,m) = (1,2), it covers the epidemic model in [33]. In these special cases, it is known
that the long-time dynamical behaviour of the solution to (1.1) exhibits a spreading-vanishing
dichotomy.

Similar to the special cases mentioned in the last paragraph, it can be shown that (1.1) with
initial data satisfying (1.2) and U (0, z) € [0, 0] has a unique positive solution (U (¢, x), g(t), h(t))
defined for all t > 0. We say spreading happens if, as t — oo,

(g(t),h(t)) = (—o0,00) and U(t,-) — u* component-wise in LS (R),
and we say vanishing happens if

(9(t),h(t)) = (goos hoo) is a finite interval, and max ey nee) U (¢ )| — 0.

1.1. Main results of Part 1. Let us now recall the main results obtained in Part 1 [11]. When
spreading happens for (1.1), we proved in Part 1 that the spreading speed is finite if and only if
the following additional condition is satisfied by the kernel functions:

oo
(J1): / zJi(x)dz < oo for every i € {1,...,mp} such that u; > 0.
0

If (J1) is not satisfied, then the spreading speed is infinite, namely accelerated spreading hap-
pens. Let us note that if for some i € {1,...,mo}, p; = 0, then no restriction on .J; is imposed
by (J1).

The proof of these conclusions rely on a complete understanding of the associated semi-wave
problem to (1.1), which consists of the following two equations (1.4) and (1.5) with unknowns

(¢, ®(x)):
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0
(1.4) Do/OOJ(x—y)oé(y)dy—Dofb—i—c@ (x) + F(®(z)) =0 for —oo <z <0,
d(—o0) =u*, ®(0)=0,

and

mo 0 oo
(1.5) C:;m /—oo/o Ji(x — y)pi(x)dydz,

where D = (d;), J = (J;), & = (¢;) and “o” is the Hadamard product.

If (¢, ®) solves (1.4), we say that ® is a semi-wave solution to (1.3) with speed c¢. This is
not to be confused with the semi-wave to (1.1), for which the extra equation (1.5) should be
satisfied, yielding a semi-wave solution of (1.3) with a desired speed ¢ = ¢y, which determines
the spreading speed of (1.1).

We are interested in semi-waves which are monotone and with positive speed. The following
condition on the kernel functions will be used:

(J2): / e Ji(x)dz < oo for some A > 0 and every i € {1,...,mg}.
0

Theorem A. Suppose the kernel functions satisfy (J) and F' satisfies (f1) — (f4). Then there
exists Cy € (0,400] such that

(i) for 0 < ¢ < C4, (1.4) has a unique monotone solution ®¢ = (¢¢), and

lim ®°(z) = 0 locally uniformly in (—o0, 0J;
c /N Cy
(ii) Cx # oo if and only if (J2) holds;
(iii) the system (1.4)-(1.5) has a solution pair (¢, ®) with ®(x) monotone if and only if (Jq)
holds, and when (J1) holds, there exists a unique ¢y € (0, Cy) such that (¢, ®) = (¢o, P)
solves (1.4) and (1.5).

The spreading speed of (1.1) is determined by the following result:

Theorem B. Suppose the conditions in Theorem A are satisfied, (U, g, h) is the solution of
(1.1) with U(0, ) € [0, 1], and spreading happens. Then the following conclusions hold for the
spreading speed:
(i) If (Jq) is satisfied, then the spreading speed is finite, and is determined by
t h(t
g ()

= = lim —= = ¢ with ¢y given in Theorem A (iii).
t—oo t—oo ¢

(ii) If (J1) is not satisfied, then accelerated spreading happens, namely

—lim®: lim@:oo
t—oo t—oo ¢
1.2. Sharp estimates on the rate of spreading. The main purpose of Part 2 here is to
sharpen the conclusions in Theorem B for some typical kernel functions. The results here
extend those for a single equation (namely (1.1) with m = mg = 1) in [12] to a general system.
For o > 0, we introduce the condition

(J): / z%Ji(z)dr < oo for every i€ {1,...,mo}.
0

Let us note that (J') implies (J1), but unless p; > 0 for every i € {1,...,mo}, (J1) does not
imply (J!). On the other hand, if (J2) holds, then (J%) is satisfied for all a > 0.
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Theorem 1.1. In Theorem B, suppose additionally (J%) holds for some a > 2, F is C? and
w*[VF(u*)]T=<0. Then there exist positive constants 0, C' and to such that, for all t > to and

*)
xe[(),h()]

{<,>
Ul(t,x)
)~

where €(t) := (t + 0)~%, and (co, D) is the unique pair solving (1.4) and (1.5) obtained in
Theorem A (iii), with & (x) extended by O for x > 0.

[A(t) — cot| + [g(t) + cot| < C,

[1—€e(t)][®(z — cot + C) + & (—z — cot + C) — u*],

=
< [L+ e(t)] min { @ (z — cot — C), ®°(—z —cot — C)},

Further estimates on ¢(t) and h(t) can be obtained if we narrow down more on the class of
kernel functions {J; : i = 1,...,mo}. We will write

n(t) = &) it C1&(t) < n(t) < C26(t)

for some positive constants C; < Cs and all ¢ in the concerned range.
Our next two theorems are about kernel functions satisfying, for some vy > 0,

(JN): Ji(x) ~|z|77 for |z| > 1and all i€ {1,...,mo}.

Note that for kernel functions satisfying (J7), condition (J) is satisfied only if v > 1, and (Jy)
is satisfied only if v > 2. The next result determines the orders of accelerated spreading when
€ (1,2].

Theorem 1.2. In Theorem B, if additionally the kernel functions satisfy (j'y) for some v €
(1,2], then fort > 1,

tint if v =2,

t1/0=0if 4 € (1,2).

~
~
~
~

For kernel functions satisfying (J7), clearly (J%) holds if and only if v > 1 + a. Therefore
the case v > 3 is already covered by Theorem 1.1. The following theorem is concerned with the
remaining case v € (2, 3], which indicates that the result in Theorem 1.1 is sharp.

Theorem 1.3. In Theorem B, suppose additionally the kernel functions satisfy (j'y) for some
v €(2,3], F is C? and
(1.6) F(v) —v[VF()]T=0 for 0 <<v =< u".
Then fort > 1,
cot + g(t), cot —h(t) =~ Int if v=3,
cot +g(t), cot — h(t) =~ 377 if vy € (2,3).

Note that (fz) implies
F(v) —v[VF(@)]T =0 forve[0,u].

Therefore (1.6) is a strengthened version of (f2). If we take v = u* in (1.6), then it yields
w*[VF(u*)]T=<0. When m = 1, (1.6) reduces to F(v) > F'(v)v for 0 < v < 4, which is
satisfied, for example, by F'(v) = av — bvP with a,b > 0 and p > 1.

The proofs of Theorems 1.1 and 1.3 rely on some of the following estimates on the semi-wave

solutions of (1.3), which are of independent interests.

Theorem 1.4. Suppose that F satisfies (f1) — (f4) and the kernel functions satisfy (J), and
®(x) = (¢i(x)) is a monotone solution of (1.4) for some ¢ > 0. Then the following conclusions
hold:
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(1) If (J%) holds for some o > 0, then for everyi € {1,...,m},

-1
/ [uj — qbl(x)] \x|a_1da: < 00,

which implies, by the monotonicity of ¢;(x),
0 <u; —¢i(x) < Clx|™ for some C >0 and all z < —1.
(i1) If (J*) does not hold for some o > 0, then

moo1
Z/ [u: - gf)l(@] |x|o‘_1dac = 00
i=1"7 7>
(iii) If (J2) holds, then there exist positive constants C' and B such that
0 < uf — ¢i(x) <CeP* for allz <0, i € {1,...,m}.

1.3. Applications to epidemic models. Let us now apply the results above to the models
in [10] and [33].
The West Nile virus model in [10] is given by

(H, = d\£1[H](t,2) + ar(ey — H)V — b H, z € (g(t), h(t)), t >0,
Vi = do Lo]V(t, x) + ar(e2 — V)H — baV, z € (g(t), h(t)), t >0,
H(t,z) = V(t,z) =0, t>0, z € {g(t),h(t)},
h(t) o)
(1.7) gt = —u/ / Ji(z —y)V(t, x)dyde, t >0,
/g(t /ht Ji(z —y)V(t, x)dyde, t>0,
—g(0) = ho, H(0,z) = u{(z), V(0,2) =ud(z), =z € [~ho,hol.

where a;, e; and b; (z = 1, 2) are positive constants satisfying ajagsejea > b1bg (which is necessary
for spreading to happen). We thus have

F(u) = Fi(u) := (01(61 — u1)uz — biuy, as(ez — ug)ug — b2u2),

o = (@02 —e1e2 —biby a1a —eren — bib
arazes +asby ' ajaser + aibs
It is straightforward to check that conditions (f;) — (f3) are satisfied by F; with @ = (eq, e2).
Condition (f4) was shown to hold in [10]. It is also easy to see that Fy is C? and
Fi(u) —u[VF (u)]T = (a1urug, aguiug).
Therefore (1.6) holds as well. Thus all our results apply to (1.7).
The epidemic model in [33] is given by

ug = dLq[u] — au + cv, t>0, v € (g(t),h(t)),
= —bv+ G(u), t>0, z € (g(t),h(t)),
(tw—vt:c t>0, z=g(t) or x = h(t),
h(t)
(1.8) _ _u/ " / Yu(t, ) dydz, t>0,
)
/g(t /h Ju(t, x)dydz, t>0,
—g(0) ho, u(0,x) = ug(x), v(0,z) =vo(x), x € [—ho,ho],

where a, b, ¢, d, p and hg are positive constants, and the function G is assumed to satisfy
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(i) G € C}([0,0)), G(0) =0, G'(z) > 0 for z > 0;
i) [c@]’ - e® _ w
(ii) [7} <O0for z>0and lim —* <2

z—+00
(ili) G'(0) > % (necessary for spreading to happen).
In this example,

F(u) = Fy(u) := (—auy + cug, G(u1) — bug), u* = (K1, Ko)
where (K7, K2)>-0 are uniquely determined by
G(Kl) ab G(Kl)
=L K= .

K1 C b
One easily checks that Fh satisfies (f1) — (f3) with @ = co. In [33], it was proved that (f4) also
holds. Clearly Fy is C2. However, u*[VFy(u*)]7<<0 does not hold. Therefore all our results
apply to (1.8) except Theorems 1.1 and 1.3.

1.4. Organisation of the paper. The rest of the paper is organised as follows. In Section 2,
we prove Theorems 1.1 and 1.4. The proof of the former is built on the proof and conclusions
of the latter, where subtle analysis is used to find out the relationship between the behaviour of
the semi-wave solution and that of the kernel functions.

Sections 3 and 4 are devoted to the proof of Theorems 1.2 and 1.3 for kernel functions behaving
like |2|~7 near infinity. In Section 3, we completely determine the growth orders of cot — h(t)
for  in the range (2, 3], while in Section 4, we completely determine the accelerated spreading
orders of h(t) when ~ falls into the range (1, 2]. Note that when v > 3, the spreading behaviour
is already covered by the more general results in Section 2.

2. SHARPER ESTIMATES FOR THE SEMI-WAVE AND SPREADING RATE

2.1. Asymptotic behaviour of semi-wave solutions to (1.3). The purpose of this subsec-
tion is to prove the following three theorems, which imply Theorem 1.4.

Theorem 2.1. Suppose that F satisfies (f1) — (f4) and the kernel functions satisfy (J) and (J¢)
for some a > 0. If ®(z) = (¢i(x)) is a monotone solution of (1.4) for some ¢ > 0, then for
every i € {1,...,m},

-1
/ [uf — qﬁi(a:)]]ﬂa*lda: < 00,

which implies, by the monotonicity of ®(x),
0 < |z]|*u; — ¢i(x)] < C for some C >0 and all x <0, i€ {1,...,m}.

Under the condition (J), if the kernel functions satisfy (J¢) for some o = g > 0, then it is
easily seen that (J®) is satisfied for all o € [0, ap]. Therefore if (J) is satisfied for some but
not for all & > 0, then there exists o* € (0, 00) such that the kernel functions satisfy (J) if and
only if a € I*" = [0,a*) or [0,a*] (depending on whether or not J*" is satisfied), namely

mo

Z/ z*Ji(x)dr < oo for a € I,

i=1"0

mo 00

Z/ z®J;i(x)dr = 0o for a € (0,00) \ I,
i=1"0

Therefore, by Theorem 2.1 we have
mo a1

(2.1) Z/ [uf — ¢i(x)]|x|* tda < oo for every a € IV,
i=1" ">

The next result shows that this estimate is sharp.
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Theorem 2.2. Suppose that F satisfies (f1) — (f4) and the kernel functions satisfy (J). If (J¢)
is not satisfied for some a > 0, and ®(z) = (¢i(z)) is a monotone solution of (1.4) for some
c >0, then

mo a1
(2:2) [u} — di(a)]|z]* " dzx = oo.

Theorem 2.3. Suppose that F satisfies (f1) — (£4) and the kernel functions satisfy (J). If (J2)
holds, and ®(x) = (¢;(x)) is a monotone solution of (1.4) for some ¢ > 0, then there exist
positive constants 8 and C such that

(2.3) 0 < uf — ¢i(x) < CeP® forallz <0, i € {1,...,m}.

The following three lemmas play a crucial role in the proof of Theorem 2.1.

Lemma 2.4. Suppose that J(x) has the properties described in (J) and satisfies (J) for some
a>1. If € L'((—o0,0]) is nonnegative, continuous and nondecreasing in (—oo,0], and

0
(2.4) / |z|Pep(z)dz < oo for some B> 0,

then for any o € (0, min{3 + 1, a}], there exists C > 0 such that

0 0
I =1y = /M |z|” [/ J(x—y)Y(y)dy — p(x) | de € [-C,C] for all M > 0.

—0o0

Proof. For fixed M > 0 we have

-/ N | a7 Iwt - a)dyds
- /O N / (; 27 I (y)ily - @)dyda + /0 N /0 " I(g)ly — v)dyda
= /0 /OM 27 J(y)Y(y — z)dzdy + /OM /yM 27 J(y)Y(y — x)dzdy

0 M-y M rM—y
- / / (2 + )7 T () () dudy + / / (x4 )7 T (9)ih(—)ddy,
0 0
and

/OM 2|74 (x)dr = /R/OM 2 T (y) () ddy.

Therefore we can write

with

0 M—y
= /—oo /—y [(x+y)7 — 2] J(y)(—=)dxdy
M M-y
i /0 /0 [(z +y)7 — 2] J(y)y(—x)dxdy,

= [ (; / J:_y 2 J(y)o(-a)dody — | OOO /0 " a7 I )0 a)dzdy
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/ /My 2)dady — / / —z)dady,
/ /M y 2)dudy — / / —z)dzdy.

To estimate I; we will make use of some elementary inequalities. If s,¢ > 0 and o € (0, 1],
then it is easily checked that

(2.5) (s+1)7 —s7 <.
If o =n+ 0 with n > 1 an integer, and 6 € (0, 1], then by the mean value theorem

(s+1)7 =57 =o(s+ ()t <ot(s+1)° L =ots" L + ot [(s+ ) 5‘7_1]

n

<3 [0 — iy + o — i [(s” + 1) - o]
k=1
n
<Y (Mo — s H] o - e
k=1
n
= cpths? 7k 4+ Cny1t?
k=1

where ¢ € [0,1], and ¢, = ¢x(0) >0 for k € {1,...,n+ 1}.
Applying this inequality to (z 4+ y)? — 2% with z +y > 0 and x > 0, we obtain, for the case

o>1,

n
(@ +9)7 =27 <Y elyl*27F + cppalyl”
k=1

with 0 —n =6 € (0,1] and n > 1 an integer, ¢, = (o) > 0 for k € {1,...,n + 1}.
Therefore, in the case o > 1,

0 M—y n . .
L) < / / S calylF 2 + caralyl? | J@)o(—2)dady
—oYv Y k=1

n

M M—y X .
s e el
0 40 k=1
< 22%/ x“‘kw(—w)dx/ y"‘J(y)dy+2cn+1/ w(—:r)dw/ Y7 J (y)dy
— o 0 0 0

= (.
Since 1 <k <n <o <min{f+ 1,a}, by the assumptions on J and ) we see that C is a finite

number.
If o € (0,1], then

0 M-y M M-y
I 7J —x)dxd 7J —x)dxd
'1‘3/_00/_y i Tpeaydedy+ [ [ e se(odedy
< 2/0 w(—x)dx/o Yy’ J(y)dy == C1 < 0.

Since 1 (x) is nondecreasing, from (2.4) we easily deduce

J(y)Y(—z)dzdy

M
P(—x) < % for some M; >0 and all z > 1.
T



10 Y. DU AND W. NI

Similarly, using (J*) we obtain

M/ y)dy < M~ a/ y*J(y)dy < / y*J(y)dy := My for M > 1,
M 1
and hence
M/ J(y)dy < min{/ J(y)dy,Mg} = M3 < oo for all M > 0.
M 0
Therefore
0 M-y 0 —y
|2 < / / My J (y)dzdy +/ / M, J (y)dzdy
—ooJ M —o00 J0
= 2M1/ yJ(y)dy = Cy < oo,
0
and

M 00
L) < /O My (y)dy + /M My M () dy
< Ml/ yJ(y)dy + M1 Ms := C3 < 0.
0

We thus have
1] <C14CL+Cy+ C3 := C < oo for all M > 0.

The proof is complete. O

Lemma 2.5. Suppose that J(x) has the properties described in (J) and satisfies (J*) for some
a € (0,1). Let ¢ be nonnegative, continuous and nondecreasing in (—o00,0]. Then there ezists
C > 0 such that

0 0
S=5y:= /M || [/ J(x —y)u(y)dy — w(:c)} dr < C for all M > 0.

Proof. As in the proof of Lemma 2.4, we deduce for fixed M > 0 and o > —1,

/ / 1217 (@ — y)(y)dydz

M-y M M-y
—/ / (z +v)° J(Y)Y(—z)dxedy + / / (x + )7 J (Y)Y (—x)dxdy.
—oo =y o Jo

and
0 M
/ 2P () de = / / 1217 T () (—z)ddy.
—M R JO
Hence
3
-YI
=1
with

0 M-y
I = / ) / ) =) ey

M M-y
T / / (& + )7 — 2] J()(—)dzdy,

I —/ /M x)dzdy — / / —z)dzdy,



COOPERATIVE SYSTEMS WITH NONLOCAL DIFFUSION AND FREE BOUNDARIES, PART 2 11

/ /M y 2)dady — / / —z)dady.

Take 0 = a — 1. It is clear that I3 < 0. For Il, since o < 0,
(x+y)? —2° <0 whenz >0 and y > 0,
and hence, by (J*) and 0 +1=a € (0,1),

0 M—
h < / / (@ 1 9)° — 2%) () (—a)dady
M—
<(0 // @+ )7 — 2°) T(y)dady

_;Z)H /OO[MU+1 — (M = )7 + (=) (y)dy

0 [e's)
S;bf)l / (—y)7 I (y)dy = ;l}io)l /0 Yy I (y)dy == C < .

Moreover, by (J%), 0 +1=a € (0,1) and (2.5),

M-y M-y
L < / / x)dzdy < (0 / / y)dady

= [(M — )7 = M7 (y)dy

—l— 1
¥(0) / vy I (y)dy := Cy < .
0' +1Jo
Therefore,
S<Ci+Cy:=C < oo forall M > 0.
The proof is complete. ]
Denote

Then U satisfies

0 e
0:Do/ J(w—y)o\I/(y)dy—Do\I/—i—Dou*o/ J(xz —y)dy
0

—0o0

+cV'(z) + G(¥(z)) for —o0 <z <0,
U(—o0) =0, ¥(0)=u*
Since u* is stable and VF(u*) = VG(0) is invertible, the eigenvalues of VF(u*) are all negative.

Therefore we can use the same reasoning as in the proof of Lemma 77 to find two vectors
A = (a;)»0 and B = (b;)=<0 such that, for U = (u;) € [0, €1] with € > 0 sufficiently small,

(2.6)

m m

m
Z a;gi(U) < Z Z i,

i=1 j=1

for some b > 0.
Since ¥(—o0) = 0 and ¥ (z) = (¥;(z))=-0 for z < 0, we have 0 < 9;(x) < € for z < —1, and

SO

(2.7) Zalgz ) < —bip(z) for z < —1, with
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(2.8) Y(x) =Y aj;()
j=1
Lemma 2.6. Suppose (J) and (f1) — (f4) are satisfied. If (J) holds for some o > 1, then
0
/ P(z)dz < co.

Proof. A simple calculation gives

0 o)
Do/ J(x—y)o‘ll(y)dy—Do\Il+Dou*o/ J(x —y)dy
0

—00

0
:—Do/ J(x —y)o®(y)dy + Do d.

—00

Integrating the equation satisfied by {DV over the interval (z,y) with x < y < —1, and making
use of (2.7), we obtain

(Fl) - @) + fj / Vi, [ / OOO Ji(z — w)s(w)dw — wz(z)} :
+ i /y a;du; /OO Ji(z — w)dwdz

— (i Z / | [t - watw - 6(2)]
——/Zazgz dz>b/¢

We extend @ to R by define ¢;(z) = 0 for > 0. Then the new function ® is differentiable on
R except at z = 0. Due to (J®), we have, for i € {1,...,mo},

/</0 e = Wi — () ) (/ (e~ w)ostu)du - oi(2))

= / / )(Pi(z + w) — ¢(2))dwdz| = wgbZ z + sw)dsdwdz

= [ [wnw [ [¢z<y+sw>—¢i<x+sw>]dsdw\

IN

af/R!y\Ji(y)dy =: M; < oo.

Thus, for z < y <« —1,

E/y Y(2)dz < c(U(y) — ¥(@) + > adiM; < ai(cu; + d; M),
T i=1 =1

0 ~
which implies / P(z)dz < oo. O

Proof of Iheorem 2.1: Case 1. o > 1.
With ¢ = >, a;1; given by (2.8), it suffices to show

0
/ P(z)]z)* da < 0.
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By Lemma 2.6 we have

0 0
/ Y(z)dr < oo and hence / Yi(z)dr < oo for i € {1,...,m}.

So there is nothing to prove if a = 1, and we only need to consider the case a > 1.

Suppose a > 1 and
0
(2.9) / |z| 79 (x)dx < oo for some v > 0.
—00

Then by Lemma 2.4, for any g satisfying 0 < 8 < min{y + 1,a}, and 7 € {1, ...,

—-M —0o0

Moreover, if we fix My > 1 so that (2.7) holds for < —Mj, then for M > Mj and 8 as above,

m0}7

0 0
(2.10) / [/ Ji(z — y)s(y)dy — wi(a:)} z|°dz < C for some C' > 0 and all M > 0.

we have

o [Mo

o[ i@l
M

My
Z/ aigi (U (z))|z|Pdx
— B mo — My 0
= o [ CP@hlarsYoad [ st v - )| s

-M P -M —oo
M0 — My [e%¢)

+Z&idiuj/ / )% Ji(x — y)dyda.
— -M Jo

y (2.10),

Zald / [/ — )iy )dy—¢i($)] |z|Pda
<C’Zazd —Zaz ,/

i=1 Mo
= Cl < oo for all M > M,.

Moreover, if we assume additionally that § < « — 1, then we have, for i € {1, ...,

— My 00
[ [ el e =
/ / (x + y)dydx = / / y)dydzx

< / / xﬁJi(y)dydm’ = / yﬂHJi(y)dy = < 0.
0o Ja B+1Jg
Therefore, for § € (0,min{y + 1, — 1}] and M > My,

Mo _ —Moy m
b/ O()|elPds < c/ F@olds+Cr+ Y dadiiCo
—-M

-M i=1
M M 3
<c 2P (—x)dx + C3 < c/ 27T (—z)dx + C3
1 1

M
< ep(—1) + C/ (v + 1)z (—x)dx + Cs := Cy4 < 0o by (2.9).
1

Uio Ji(x —y)vi(y)dy — wxx)] 7 dae

m0}7

13
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It follows that
0 ~
(2.11) / Y(x)|z|Pdz < oo.

Thus we have proved that (2.9) implies (2.11) for any 5 € (0, min{y + 1, — 1}].

If we write « — 1 = n + 6 with n > 0 an integer and 6 € (0,1]. Then by the above conclusion
and an induction argument we see that (2.11) holds with 8 = n. Thus (2.9) holds for v = n.
So applying the above conclusion once more we see that (2.11) holds for every 5 € (0, min{n +
l,a —1}] = (0, — 1], as desired.

Case 2. a € (0,1).

Let 8 =a—1. Asin Case 1, for M > Mj,

o
o[ RUCERE

<o /M y |x\ﬁdx+zaz / [/ )y — ()| ol
+Za,du / MO/ |z|P Ji(x — y)dydz

- 0 —Mo
<cf <>|x\5dx+cl+zazdu | [t vy,
M

where C; > 0 is obtained by making use of Lemma 2.5. By (J9) and S+ 1 = «,

— M,
/ / 2P Ji(z —y dydx</ / y)dydz

—/ ¥ Ji(y)dy := Ca < .
0

[e%

Due to 8 < 0, we have
—My M
[ @ae= [ et
-M My

M
:i(*Mﬂ)Moﬁ —P(—M)MP + 8 O(—z)x’tdx
Mo
§1/~1(—M0)M06 .= < o0.

Hence
b/ Y(x)|x|Pde < Cy + Cy Zdidiuf +cC3 < 00
-M i=1
for all M > My, which implies

-1
/ Y(x)|z|* tdr < co.

The proof is completed.

Proof of Theorem 2.2: We have

lg: (U |<LZ¢J (x) for some L >0 and all z <0, i € {1,...,m}.
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Now for M >1and f=a —1,

L[ btz - Z / 0:(¥(2) o]
o[ ey [ [ / T = yi(w)dy — (@) [ da
-M i=1 —M LJ—oc0o
mo —1 [e’e)
+ Z d;uy / / 2P Ji (@ — y)dydaz
i=1 —MJOo
mo —1 mo -1 0o
Z_Zdi/ wi(x)]a;\ﬁdx—i—Zdiuf/ / 2% Ji(z — y)dyda
i=1 J—M i=1 —MJO

Therefore, with L:=L+ > d;, we have

E/A;@@(x)mﬂdxz io:diu;f /1 /oo\xm(x—y)dydx
:Zdu / / y)dydz
o

:Z du |:/1 (M5+1 )J()dy+/1M( £+1 MB—H)J()dy

mo * M 0o
d;u]
> v B+1 7. _ .
> ;: 511 [/1 Yy’ Ji(y)dy /1 Jz(y)dy} — 00 as M — oo,

since 8 + 1 = a.. Therefore (2.2) holds, as we wanted. O
To prove Theorem 2.3, we need the following lemma.

Lemma 2.7. Let the assumptions in Theorem 2.3 be satisfied and V(x) = (;(x)) =: u* — ®(x).
Then for every small € > 0, there exist 5 = [(€) € (0,\] and C = C(e) > 0 such that for all
M >0 andie€{l,..,m},

0

212 QU= | OMeﬁx / " e — y)s()dyde < (140 [ ePun@assc

—00 —M

Proof. By a change of variables, we deduce

@ =" e [ wte + e = / [ty - ryivas

/ (/ /> 5% Ji(y) iy — x)dyda
:/_m/o P Hyily - 2)dady + /0 / %% )iy — v)dady

0 M-y M M—y

[ e [ sy + [ ) [ oy
. »

=]+ 1.
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We have
0 M-y —-M M—y
I=[ &%y Py (—x)dady + e’V J; Brap;(—x)dad
[ [ Emaanay s [ o) [ sy

M

:/ & Tiy </ /M y) P (— )dxdy+/ M gyji(y)/j—yeﬁwi(_x)dxdy

= / ’ e Ji(y) /_ ) i (—x)dady + / ’ e’ Ji(y) /M yeﬁx@bi(—w)dffdy

M —M
M
+ / P9 Ji(y / PPy (—x)dzdy
oo y

Z) A()—I—A(l)

and
M M M M
1= [ ) [ oty — [ ) [ e un-apddy
0 0 0 M-y
B + AY.
Hence,
QW =1+ 11 = (B + BY) + (AY) 4+ AP + )
0 M M M
<[ ey [ ety s [ ) [ e(-o)day
—-M 0 0 0
+ (AW 4 A0 4 A0y
= / e i (y)dy / P (—a)da + (A + A 4+ 4Dy
—M 0
Set

P() = /R I (y)dy = /0 T+ ey

Clearly P(7) is increasing and continuous in 7 € [0, a], with P(0) = 1. Hence there exists small
B« = B«(€) € (0, A] such that for all 0 < 8 < S.(e),

P(B) = / e Ii(y)dy < 1+4e.
R

Thus, for such g,

M . , ,

QW <(1+¢) / Bripi(—a)dz + (A + AP + AD).

0
It remains to verify that Agi) + Ag) + A:(;) has an upper bound which is independent of
M € (0,00). Using the monotonicity of v;, we deduce

, A 0 M-y M M
AD 4 AD = / ™ Ji(y) / Py (—a)dady — / M Ji(y) / ey (—x)dady
M M 0 M-y

0 M—y M M
o By 7. Bx ol By 7. Bx
< M)/ e Jz<y>/ # dady — i M)/O e L(y)/Mye dedy

-M M

( 0 e M
S [ et - eoiggy - PR | e - 0y

. BM (—M)ePM M
:W]g) /_M Ji(y)[1 — eP]dy — W]g)/ Ji(y)[e” — 1]dy
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o M
_W/ Ji(y)2 — e — My < 0,
0

and

‘ M M- M M-
A = [ ey / C(adedy < 0) [ ety [ Py
)

*(LBM _ o0
/ e Ji(y)[ePM—Y) — ¢=BY]dy = ul(el)/ Ji(y)dy
B B M
e,BM *
<t~ _BM/ e Ji(y ﬁz/ P Ji(y)dy = C < oo,

since 8 < A\. Hence (2.12) holds.

17

0

Proof of Theorem 2.3. With zZ = >, @i given by (2.8), it suffices to show that there exists

B € (0, \] such that
¥(z) = O(eP*) for large negative x.

By Lemma 2.7, there exist e > 0 and 8 € (0, ] small such that (2.12) holds and b > py

a;d;e+

¢f. Multiplying e#* on both sides of the equation satisfied by zZ and then integrating the

resulting equation over the interval [—M, 0] with an arbitrary M > 0, we obtain

m 0

0 ~
-y / g (V@) e~ / @0 da

m 0 0
(2.13) =Y ad; / [/ Ji(x — y)i(y)dy — 1/%(95)] e Prdx
i=1 —M L/ oo
m 0 00
S ddau / e~fa / Ji(w — y)dydz = Sy (M) + Sa(M).
i=1 -M 0
In view of (J2) and 5 € (0, ], we have
m 0 00 m 0 00
Sa(M) :Zdzdzuf/ e P Ji(y)dydx < Zdzdzuf/ e P Ji(y)dydx
i=1 -M -z i=1 —0o0 —x
m ~ . 00 0 e m &zdzuf [e'e)
:Zaldzul e P i(y)dedy = Z [ —1]J;(y)dy < oo
i=1 0 J-y pr i
This together with (2.12) implies
0
(2.14) Sy (M) + So(M Z sdye / By ()dz + Cy

for some C7 > 0 independent of M. )
On the other hand, by (2.7) and b > Y | a;d;e + ¢ we obtain, for M > My > 1,

m

- Z/iw aigi(W(x))e P de — /0 ! (z)e P dx

-M

MO _ 0o _
>b/ dex—/ e (z)e P dx
-M

=S / (W)

=1



18 Y. DU AND W. NI

m 0 0
= Z aidie/ (z)e Prdr — c/ [¢p(z)e %) dz + Cy

-M
m 0 " _ B
=D dudie / Y(x)e P da — eip(0) + e (= M) + Ca,

where
0

m 0 _
Cy:=— Z/ aigi(¥(x))e Prdx — Y(x)e Prdz.
i=17—Mo —Mo

Therefore, by (2.13) and (2.14),
cb(=M)ePM < ep(0) + Cy — Cy for all M > M,
which implies 1(z) = O(e?*) for < —1. The proof is completed. O

2.2. Bounds for cot — h(t), cot + g(t) and U(t,z) for kernels of type (J¢). Let us first
observe that it suffices to estimate h(t) — cot, since that for g(t) 4 cot follows by considering (1.1)
with initial function uy(—zx).

Theorem 1.1 will follow easily from Lemmas 2.8, 2.10 below and their proofs, where more
general and stronger conclusions are proved.

Lemma 2.8. In Theorem B, if additionally (J*) holds for some a > 1, F is C? and u*V F (u*) =<0,
then there exists C' > 0 such that fort > 0,

t 0y 00
1+l/(1+—x)ad$+l/2 a?JCmdxﬁ—t/n xjcwdx],
0 0 4

<0
5t

h(t) — cot > —C

where ¢y > 0 is given in Theorem A and J(z) := Yoo i Ji(x).
To prove Lemma 2.8, we will need the following result.

Lemma 2.9. Suppose that F = (f;) € C}(R™,R™), u*=0 and
F(u*) =0, u*[VF(u*)]"<<0.
Then there exists o > 0 small such that for 0 < e € 1 and u,v € [(1 — Jp]u*, u*] satisfying

(uj — ui)(uj —vj) < Cdge for some C >0 and all 4,5 € {1,...,m},

we have

(1= e)[F(u) + F(v)] = F((1 = e)(u+v—u")) < %u*[VF(u*)]T-

Proof. Define
G(u,v) = (gi(u,v)) := (1 —€)[F(u) + F(v)] — F((1 —¢)(u+v —u*)), u,veR™

For u, v € [(1 —dp)u*,u*] and each i € {1,...,m}, we may apply the mean value theorem to the
function
&i(t) = gi(u* +t(u —u*),u* +t(v —u*)
to obtain
&(1) = &(0) + &(¢;) for some ¢; € [0, 1].
Denote
i=1:=u"+Glu—u*), =72 :=u"+Gw—u).
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Then the above identity is equivalent to
gi(u,v) =g;(u*,u*) + V, ¢;(1,0) - (u —u*) + V, gi(1,0) - (v —u")
=—fill=u") + (1 = )V fi(@) - (u — ") + (1 = )V fi(0) - (v — )
~(1-eVfi(Ql—e)(a+v—u)) - (u—u*)
— (1= VA(-(a+i—u) - (v —u).
Let us note that @ € [u,u*] and ¥ € [v,u*]. Since F' € C?, there is C; such that
0jkfi(w)| < C1 for we[0,u”], i,j,ke{l,..,m}.
A simple calculation gives

(1 - V(@) (u—u*) — (1 — OV Fi((1— &)(@+7—u)) - (u—u)
—(1- [foa) VA -t —u))| )

<(L-eby (uf —uy),
j=1

where
by = C1la— (1 —¢€)(a+ 9 —u”)
= Cyleun — (1 —€)(0 —u")| Zeuj (1 —e)(uj —95)]
< Che+ Cy Z(UJ —vj;) with Cy := C4 Z] U
j=1
Similarly,
(1—eVfi(a) - (v—u*)—(1—eVfi(l—¢€)(a+0—u"))  (v—u")
< (L= Y (uf —vy),
j=1

where

by := Cileq — (1 — €)(@—u")| < Coe+C1 Y (u] —uy).

j=1

Thus

< fi((l—e) ) Cge—i-clz u —1)] Z —uk
Jj=1 k=1
CQE‘FClZU —uj Z —’Uk
j=1 k=

19
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+Cy Y (ul =) (up —up) + C1 Y () — ) (uf — vg)
k=1 k=1
= Vfi(u") - u +o(e) + Coc Yy [(u;; — ) + (uf — Uk)]
k=1
+201 ) (uf —vp)(uf — wp),
k=1
where o(€)/e — 0 as € — 0.
If u,v € [(1 — dp]u*, u*], then
(2.15) P=(pj)=u"—u, Q=(¢):=u"—wve0,du’],
and hence
gi(’U,,’U) = gl(U* - Pv u* — Q)
< eVfi(u*) - ut+o(e) + Coe Y (pr+ar) +2C1 Y pigw
k=1 k=1
< G[U* . Vfl(u*) + 0(1) + 2(02 + 01)50}
< %u* -Vfi(u*) for ie{l,..,m}, 0<ex1
provided that dy > 0 is sufficiently small. O

Proof of Lemma 2.8. Let (¢p, @) be the unique solution pair of (1.4)-(1.5) in Theorem A.
To simplify notations we write ®“(z) = ®(z) = (¢;(x)). By Theorem 2.1 there is C' > 0 such
that

(2.16) Z/ Jiy)|y|“dy < C, 0<u; — ¢i(z )g% for < -1, i€ {l,...m}.

Define

{ h(t) = cot + 6(t), t>0,
Ut,z) :== (1 — €(t)[®(x — h(t)) + ®(—z — h(t)) —u”], t>0,z € [-h(l),n(t)],

where €(t) := (t +60)™* and

5(t) =K — KQ/ e(7) T—QZMZ //_(T+9/ Ji(z — y)dydadr,

with 0, K1 and K> large positive constants to be determined.
For any M >0 and i € {1,...,mo},

/ / (r—vy dydx—/ / y)dydx
[ [ sy = [ =05y < [y

Hence, due to / yJi(y)dy < oo, we have

0
mo t 7%0(7'+9) 00
ZZ,uiuf/ / / Ji(x — y)dydadr
i=1 0 J—o0 0
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mo t p—90 roo
<2y piul / / ’ / Ji(z — y)dydedr
i=1 0 J—o0 0

lzzul /co )dy] t< Zt

provided that 8 > 0 is large enough, say 6 > 6.
For any given small €y > 0, due to ®(—o0) = u* there is Ky = Ky(ep) > 0 such that
(1 — Go)u* j @(—Ko),
which implies that
(2.17) O(x — h(t),P(—x — h(t)) € [(1 — eg)u*,u*] for z € [—h(t) + Ko, h(t) — Ko,
where we have assumed h(0) = K1 > K.
Clearly
t
Kz/ (T4+6)"%dr < K07t < %Ot
0

provided 6 > (4K5/co)'/®. Therefore

(2.18) h(t) > —t + K| > —( +0) > K for all t > 0 provided that
(2.19) Ky > %09 and 0 > max {(4K2/co)1/a, b0, 2K0/c0} .
Define
€1 = 1<111r1<fnme[1nf | ()] > 0.
Then
(2.20) P’ (z — h(t) < —e1 for z € [h(t) — Ko, h(t)],
' Q' (—x — h(t)) < —e11  for x € [—h(t), —h(t) + Ko

Claim 1: With U = (uz) and suitably chosen 0, K;, Kj, we have

h(t)
(2.21) / / J(tx)dy, t>0
h(t)

and

ZM/ / w(t,x)dy, t>0.

Due to U(t,z) = U(t, —a:) and J(z) = J(—x), we just need to verify (2.21). We calculate

Z,Uz/ / ;(t, x)dydz
h(t)

m/% i
(-0 Zuz/m)/ (¢ — y)[n(~x — 20(1)) — uf]dyd

—(1—)eo— 1—ezuz/ e / Ji(w — y)i(x)dyda

21
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(1-0 Zuz / 9 / J[uf — ¢i(—x — 2h(t)))dyda.

From (2.18), for ¢t > 0,

2h
1_6 Z,uz/ / ‘T_ )¢z( )dydx
h t [e%s}
f1-03 / / Ji( — y)luf — di(—x — 2h(1)))dydz
= Jon@) Jo
mo ~h(t) o
< 22%“?/ / Ji(z — y)dydz
: —00 0
—L(t+0) oo
<23 | | e = .
X —00 0

And by (2.16), we have, for t > 0,

(1-¢ Zuz/ / J[uf — 64(—x — 2h(1))]dydz
<Zuzu—¢z h / / y)dyds
s [ e
- i, WS DM =

if

m

(2.22) Ky >e¢ 00/2 Z

1=

Hence, when 6, K1 and K2 are chosen such that (2.19) and (2.22) hold, then

/ / ;(t, z)dydx
(1)

_c
2
> (1—6)00—25 ,u,uf/

—0o0

—%O(t-i-e) oo
= co — Koe(t) — ZZM’ / /0 Ji(x — y)¢i(z)dydx

= K(t) forallt > 0,

which finishes the proof of (2.21).

Claim 2: With 0, K;, K5 chosen such that (2.19) and (2.22) hold, and K suitably further
enlarged (see (2.23) below), 6y > 1 and 0 < ¢y < 1, we have, for all ¢ > 0 and = € (—h(t), h(t)),

Ky — ¢
(t+6)>

(t+0) poo
/0 Ji(w — y)i(x)dyds —

h(t)
Uy(t,z) Do /_h(t) J(z—y)oU(t,y)dy — DoU(t,x) + F(U(t, x)).

A simple calculation gives
Uy =—€)[@(z — h(t)) + ®(—z — A(t)) —u’]
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— (1= )W (1)[®'(z — h(t)) + ®'(—z — h(t))]
=a(t +0)" ' [®(x — h(t)) + ®(—z — h(t)) — u*]
— (1 =€)[co + &' ®][®'(z — h(t)) + @' (—= — h(t))],
and using the equation satisfied by ® we deduce

— (1= €)co[®'(x — h(t)) + @' (—x — h(1))]
ht)
=(1—¢) [Do/ J(x —y)o®(y — h(t))dy — D o ®(x — h(t))
+Do [ 3(w—y)o@(~y— h(t)dy — Do B~z — ()
~h(t)

-0 [F@(x (1) + F(®(—z — h(t)))]

h(t)
—h(t)

—h(t)
-9 [D o [ 3=y olaty — )~ wlay
Do /h :o) J(—z —y) o [B(—y — h(t))dy — u*]dy]

-9 [F@(x () + F(®(—z — h(t)))]

+(1—%¢) l:F(CI)(l' —h(t)) + F(®(—z — h(t)))] )
Hence

UyxDo /_};(Z) J(x —y)oUlt,y)dy — U(t,x) + F(U(t, x)) + Ax(t, z) + Aa(t, x),
where
Ay (t,x) ==a(t + 0) " ®(z — h(t)) + &(—x — h(t)) — u*],
Ag(t, z) == (1 — )0 (t)[®'(z — h(t)) + @' (= — h(t))]
+ (1= [F(®(z — A1) + F(®(—z — h(1)))] — F(U(t, x)).
To finish the proof of Claim 2, it remains to check that
Ai(t,z) + As(t,z) <0 for t >0, z € (—h(t),h(t)).
We next prove this inequality for = in the following three intervals, separately:
I1(t) := [h(t) — Ko, h(t)], I2(t) := [R(t), —h(t) + Ko], I3(t) := [-h(t) + Ko, h(t) — Kol.
For z € I1(t), by (2.16),

0 - ©(—z — h(t)) — u" = ®(Ko — 2h(t)) — u” = ®(~h(t)) —u" =
Then by (f2), there exists L > 0 such that

F(®(~z — h(t))) = F(®(—z — b(t))) - F(u*) < L
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and
FU(t,z)) =(1— e)F(CIJ(x —h(t)) + ®(—x — h(t)) — u*)

C
L 1.
h(t)a ]
Thus from the definition of 4(¢), (2.18) and (2.20), we deduce

=(1 = [F(®(z - h(t))) —

As(t,x) <(1—¢) [5'@)[@'(9: — h(t) + @ (—z — h(1))] + F(®(x — h(t))

T P(8(—x — h(t))) — F (@@ = h() + (-~ — h(t)) - “ﬂ
2LC
h(t)a]

<=0 [0 + 2L 12 (1- 0| -Ka(t+ 00 +

j(l — 6)(t + 9)7(1 [ — Koeq + 2LC(2/Co)a] 1.
Moreover,
Ay(t,x) < alt+60)7Tu* < 2u*|(1 — e)alt +6)7711,
where |[u*| := maxi<j<m, u; and by enlarging 6y we have assumed that e(t) < 6;* < 1/2. Hence
Ai(t,z) + Ag(t,z) X (1 —€)(t+6)~¢ [ — Koey +2LC(2/co)™ + 2\u*]a951 1<0
if additionally
(2.23) Ky > et [2LC(2/co)a + 2|u*|a951]

This proves the desired inequality for x € I;(t).

Since A;(t,z)+ Aa(t, z) is even in z, the desired inequality is also valid for z € Ir(t) = —I; ().
It remains to prove the desired inequality for x € I3(t).

We apply Lemma 2.9 with u = ®(x — h(t)) and v = &(—x — h(t)). Let

P(t,z) = (pi(t,x)) :=u* — ®(x — h(t)), Q(t,x) = (g(t,x)):=u" — d(—x — h(t)).
Then by (2.17) we have
(2.24) P(t,z), Q(t,x) € [0, eou”] for x € I3(t),t > 0.

Moreover, since min{z — h(t),—z — h(t)} < —h(t) always holds, by (2.16) and (2.18), if we
denote C3 := C(cp/2)™%, then

(2.25) pj(t, 2)qr(t, x) < hC(;)oa

Let A% denote the i-th component of Ay. Now due to ¢'(t) < 0 and & <<0, we have, by (2.24),
(2.25) and Lemma 2.9, assuming ¢y > 0 is sufficiently small,

< Csepe(t) for x € I3(t), t >0, j,ke{l,..,m}.

Ab(t,z) < gi(u* — P,u* — Q) < %u* -V fi(u*) for z € I3(t), t >0, i € {1,...,m} and all 5 > 1.
Since A

Ai(t) < alt+0) " i < alufl; e(),
we thus obtain

LrAl< e(u* -V fi(u*)/2 —i—ozu;kﬂal) <0 forxels(t), t>0,1€{l,...,m}, p>1,
provided that ¢g is sufficiently small. The proof of Claim 2 is now complete.
Claim 3: There exists g > 0 such that
{ gt +to) < —h(t), h(t+to) > h(t) for t > 0,

(2.26) U(t +to, ) = U(t,z) for t >0, x € [~h(t), h(t)].



COOPERATIVE SYSTEMS WITH NONLOCAL DIFFUSION AND FREE BOUNDARIES, PART 2 25

It is clear that
Ult, +h(t)) = (1 — e(8))[B(—2h(¢)) — u'] < 0 for ¢ > 0.

Since spreading happens for (U, g, h), there exists a large constant ¢y > 0 such that
g(to) < =K1 = —h(0) and h(0) = K1 < h(to),
Ultg,z) = (1 =6 ) u* = U(0,z) for =z € [—h(0),h(0)].

which together with the inequalities proved in Claims 1 and 2 allows us to apply the comparison
principle to conclude that (2.26) is valid.

Claim 4: There exists C > 0 such that

t - 00
/ (14+2) %dx + / i 22 J(z)dx + t/ xJ(x)dx] .
0 0 0y

/OtE(T)dT = /Ot(:r +6) %z < /Ot(:n +1)"%dz.

By changing order of integrations we have

//_T+€/ Tz —y dydxdr<//_/ y)dydzdr
:/ /CO dyd7'<// yJi(y)dydr

_“ J()dy+t/ yJi(y)dy.
2 0 D¢

5t > —C |1+

Clearly

The desired inequality now follows directly from the definition of §(t). O

Next we prove an upper bound for h(t) — cot. Let us note that we do not need the condition
(J%) in the following result.

Lemma 2.10. Under the assumptions of Theorem B (i), if (J1) holds, and additionally F is
C? and u*[VF(u*)]T =<0, then there exits C > 0 such that

(2.27) h(t) —cot < C  forall t>0.
Proof. As in the proof of Lemma 2.8, (¢, @) denotes the unique solution pair of (1.4)-(1.5) in

Theorem A, and to simplify notations we write & (x) = ®(x) = (¢i(x)).
For fixed 8 > 1, and some large constants # > 0 and K; > 0 to be determined, define
h(t) := cot +6(t), t>0,
U(t,z) := (14 €(t))®(z — h(t)), t>0, z <h(t),

where €(t) := (t + 6) 77 and
Co
o(t) :=

(¥ e

Clearly, there is a large constant ty > 0 such that

[(t+6)F — 917

Ut+to,x) 2 (1+ %6(0))11* for t>0, x € [g(t), h(t)].

Due to ®(—00) = u*, we may choose sufficient large K7 > 0 such that h(0) = K7 > 2h(to),
—h(0) = —K; < 2¢g(tp), and also

(2.28)  T(0,2) = (1+€(0)®(—K1/2) = (1 + %6(0))u* = Ulto, ) for z € [g(to), h(to)].
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Claim 1: We have, with U = )

+oo
/ / (x —y)u(t,z)dy for t>0.
g(t+to)

A direct calculation shows

i /(_Ht0 /}:OC> Ji(x — y)u;(t, z)dy

g (t)

i;”: / /h y)ui(t, x)dy
6);/% /_Oo /0+oo Ji(x — y)pi(z)dy

=(1+e)eg = W (1),
as desired.
Claim 2: If # > 0 is sufficiently large, then for ¢ > 0 and = € (g(t + t), h(t)), we have

7 (o) 7 7 7
(2.29) Ti(t,z) =D o / oy 3 =) Ty = DOT(2) + FT(,2)

By (1.4), we have
Ui(t,z) = — (14 €)[co +8'(1)]®(x — h(t)) + € (t)P(x — h(t))
— (14 e (& — h(t)) — (1 + () (x — h(t)) — Bt +6) P 10(x — h(t))

(t) _ _ _
=Do [ 3(a-y)oTUlt.y)dy ~ DoTlt,a) + FU(L2) + Alt,z)
g(to+t)

with
At,x) =1+ e)F(®(z — h(t))) — F((1 + €)®(x — h(t)))
— (14 €)d' () (x — h(t)) — Bt + 0) "1 ®(x — h(t)).
To prove the claim, we need to show
A(t,x) =0 for x € [g(to +t), h(t)] and t > 0.

Let ¢, €1 and Ky be given as in the proof of Lemma 2.8. For = € [h(t) — Ko, h(t)] and t > 0,
by (2.20), we have

Alt,z) = — (1 + )8 ()@ (z — h(t)) — Bt + 0) P~ 1d(x — h(t))
=—(1+e)co(t+0)Pd (x —h(t) — B(t+6) P 1d(x — h(t))
=co(t+0) Peal — Bt +0) "
=(t+0)""eoberl — Bu*] = 0,

provided 0 is large enough.
We next estimate A(¢,x) for z € [g(t + o), h(t) — Kp]. Define

Gu) = (gi(u)) =1 +e)F(u) — F(1 +€)u), u,veR™
Then for u,v € [0,u*] and i € {1,...,m},
() =gi(u") + Vi(@) - (u— u")
=—fil(l+eu")+ (1 +e)Vfi(a) - (u—u’) = (1+e)V[fi(1 +e€)u) - (u—u’)
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— A+ Ou) (140 V@) - VA +e>a>] (- )

for some @ = @' € [u,u*]. Since F' € C2, there exists C > 0 such that

|8]kf1(u)| < C'1 for u e [Oaﬁ}v ivjvk € {Lam}

Therefore
gi(u) = = fi((L +e)u’) — (L + )by Y _(uf —uy)
j=1
with
by := Cileu| < Crelu”| := Cae.
Thus
gi(u) > — eV f;(u*) - u* + o(€) — 2Ce Y (u} — uy).
j=1

By (2.17) we have
(2.30) —eou* X ®(x — h(t)) —u*=<0 for =€ [g(to+1),h(t) — Ko, t > 0.
Using (2.17), &' > 0, ® <0 and € = (t + 6) 7 < 7P, we obtain
At ) >(1+€) fi(@(z — b(1) = fi((L+ €)B(z — h(t))) — B(t +0) " pi(z — h(t))
= gi(®(x — h(t)) — Bt +0)"" " pi(x — h(1))

>e| —u" - Vfi(u") 4+ o(1) — 2¢0Co Zu;‘ - ,Bﬂﬁlu?]
j=1
>0 for xe€g(to+1t),h(t)— Ko, t >0, ie{l,.. m},

provided @ is large enough and ey > 0 is small enough, since u*[VF(u*)]”<<0. We have now
proved (2.29).
Due to the inequalities proved in Claims 1 and 2, (2.28) and

Ul(t,g(t+to)) >0, U(t,h(t))=(1+e®(h(t)—h(t)) =0 for t>0,
we are now able to apply Lemma 77 to conclude that
h(t +to) < h(t), t>0,
U(t+to,z) 2 U(t,z), t>0, z € [g(t+to), h(t)].

The desired inequality (2.27) follows directly from §(t) < Ky + %01*ﬁ and h(t 4+ ty) < h(t).
The proof is complete. U

Proof of Theorem 1.1. Since @ > 2, from the proof of Lemmas 2.8 and 2.10, it is easily seen that

Cyh :=sup U;L(t) — Cot| + ’ﬁ(t) - C(ﬂf” < 0.
t>0

Hence for large fixed § > 0 and all large ¢, say t > to,
[g(t), h(t)] D [—ﬁ(t — to),h(t - to)] D [—Cot + C, cot — C] with C := Cy + coto,
and
Ut,z) = U(t,z) = (1 — e(t)][®°(z — cot + C) + @ (—z — cot + C) — u”]
for z € [—cot + C,cpt — C], where €(t) = (t + 6)~“. This inequality for U(t,z) also holds
for © € [g(t),h(t)] if we assume that ®°(x) = 0 for x > 0, since when z lies outside of
[—cot + C, cot — C] the right side is < 0.
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By considering (1.1) with initial function ug(—z), from the proof of Lemma 2.10 we see that
the following analogous inequalities hold:

g(t) = —=h(t —to), U(t,z) 2 (1 +€(t)) 2% (—z — h(t — to))
for t > to and = € [g(t), h(t)]. We thus have
[9(8), h(1)] € [~h(t — to), h{t — to)] € [—eot — C,eot + C,
and
Ut 2) 2Tt ) = (1= e(t)) min { @ (z — cot = C), 8~z — ot — C) }

for t > tp and = € [g(t), h(t)]. The proof is complete. O

3. GROWTH RATE OF cot — h(t) AND cot 4 g(t) FOR KERNELS OF TYPE (J7)

Recall that (U(t,x), g(t),h(t)) is the unique positive solution of (1.1), and we assume that
spreading happens. Under the assumptions of Theorem B (i), we have

t h(t
&: limi)200>0.

In this section we determine the growth order of cot — h(t) and cot + g(t) when the kernel
functions satisfy, for some v € (2,3], w € (y —1,7], C > 0 and all |z| > 1,

3.1) Ji(x) ~ |z|77 if i € {1,...,mp} and p; # 0,
3.1
Ji(x) < Clz|™ ifie{l,...,mp} and p; = 0.

Clearly, (J7) implies (3.1).
The main result of this section is the following theorem.

Theorem 3.1. In Theorem B, if additionally (J1), ( 1) and (1.6) hold, then fort > 1,

COt+g( ) Cot— )% - 1f’y€ (273]7
Cot+g( ), Cot—h(t)% Int if v=3.

It is clear that the conclusion of Theorem 1.3 follows directly from Theorem 3.1. Note that if
w > 2 in (3.1), then (J1) automatically holds.
y (f1) and the Perron-Frobenius theorem, we know that the matrix VF(0) — D with
= diag(dy,...,d;,) has a principal eigenvalue A1 with a corresponding eigenvector V* =
(vf, -+, vk, )0, namely

(3.2) v ([VF(O)]T . f)) = V.

To prove Theorem 3.1, the difficult part is to find the lower bound for cot — h(t), which will
be established according to the following two cases: (i) Ay < 0, (ii) A; > 0.

As before, we will only estimate cot — h(t), since the estimate for cot + g(t) follows by making
the variable change x — —x in the initial functions.

3.1. The case 5\1 < 0.

Lemma 3.2. Suppose that the assumptions in Theorem 3.1 are satisfied. If A1 < 0, then there
exists o = o(y) > 0 such that for all large t > 0,

(3.3) cot — h(t) > ot377 if v € (2,3),
‘ cot — h(t) > olnt if y=3.
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Proof. Let B :=~ —2 € (0,1], and (co, ®) be the solution of (1.4)-(1.5). Define
¢
e(t) = Ki(t+0)", 6(t) =Ky — Kg/ e(r)dr
0

and

{B(t) = cot 4 6(1), t
U(t,z) = (14 ¢(t))®(x — h(t)) + p(t,x),

(A\VARLY

where
p(t,x) := Ka&(x — h(t))e(t)V",
with ¢ € C?(R) satisfying
(3.4) 0<&(x)<1, &x)=1for |x|<¢ &{(x)=0 for |z| > 2€,
and the positive constants 6, K1, Ko, K3, K4, € are to be determined.
We are going to show that, it is possible to choose these constants and some ¢y > 0 such that

7 (o) _ _ 7
(35)  Tit,z) = Do /w e =) 0Tty = Tlt.2) + FO( )

for t >0, z € (g(t+to), h(t)),

B mo h(t) +o0
. ! i i —y)u(t, o for ,
36) K=Y / " /h o £>0
(3.7) Ul(t,g(t+1t)) =0, U(t,h(t)) =0 for t > 0,
(3.8) U(0,z) = Ulto, ), h(0) > h(to) for x € [g(to), h(to)].

If these inequalities are proved, then by the comparison principle, we obtain

h(t) > h(t+to), U(t,z) = U(t +to, ) for t >0, x € [g(t + to), h(t + t0)],
and the desired inequality for cot — h(t) follows easily from the definition of h(t).
Therefore, to complete the proof, it suffices to prove the above inequalities. We divide the
arguments below into several steps.
Firstly, by Theorem B, there is C; > 1 such that

(3.9) —g(t),h(t) < (co+ 1t +Cy for t>0.

Let us also note that (3.7) holds trivially.

Step 1. Choose ty = to(f) and Ky = K3(6) so that (3.8) holds.

For later analysis, we need to find ¢ty = t9(6) and Ko = K2(0) so that (3.8) holds and at the
same time they have less than linear growth in 6.

Let W*»~0 be an eigenvector corresponding to the maximal eigenvalue A of VF(u*). By our
assumptions on F, we have A < 0. Hence there exists small e, > 0 such that for any & € (0, ],
SS\W*«O,

Flu + kW) = kW ([VF)] + o(D),) <

F(u* — kW*) = —kW* ([VF(u*)]T + 0(1)Im> =~ CAW*s-0.

N |

It follows that, for & = \/2,
W(t) = u* + e W*, W(t) =u* — e, e’ W*
are a pair of upper and lower solution of the ODE system W’ = F(W) with initial data W (0) €

[u* — e, IWV* u* + e, W*].
By (f4), the unique solution of the ODE system

W’ = F(W), W(0) = (luolloc, -+ [[ttmolloo)
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satisfies limy_,oo W (t) = u*. Hence there exists ¢, > 0 such that
W(ty) € [u* — e, W*, u* + e, V7.
Using the above defined upper solution W (t) we obtain
W(t+t,) <u* + e eZtW* < (1+ €*e&t)u* for t > 0,
where €, > 0 is chosen such that e, /W* < €,u*. By the comparison principle we deduce
Ut +ty,z) S W(t+t,) = (14 &eHu* for t >0, = € [g(t + t.), h(t + t.)].
Hence
e(0), .
Ulto x) = (1+ ) for € [g(to), hito))
provided that
In(2e, /K
to = to(0) := @1n9+ M
5] 5|

By (3.1), for any fixed w, € (8,w — 1), we have

/ J(x)|z|“ dx < oo.
R

Then by Theorem 1.4, there is C'5 such that

+ tx.

u* — d(x) < &

< u* for z < —1.
‘x’w*

Hence, for K > 1 we have

(0))@(—K) — (1+¢(0)/2)u”

(0)[1 — Co K™ ]u* — (1 + €(0) /2)u*
1077/2 — Cok (1 + K107%)]u”

(1+€
=(1+¢

(K
0

Y

provided that

K“ > 205 + &05

Therefore, for all K7 € (0,1],0 > 1 and K > (402/K1)1/“’*95/“’*, we have
(1+€(0)®(-K) — (1+€(0)/2)u” = 0.
Now define
(3.10) Ks(6) := 2 max {(402 JE) V89 (co + 1)to(6) + 01} .
Then for Ky = K3(6) we have
h(0) = Ky > K2/2 > (co + 1)tg + C1 > h(tp),
and for € [g(to), h(to)],
U(0,2) = (1+¢(0))®(z — K2) = (1+¢(0)®(—K2/2) = (1 +¢€(0)/2)u”

Thus (3.8) holds if ¢y and K» are chosen as above, for any 0 > 1, K; € (0, 1].
Step 2. We verify that (3.6) holds if 0, K;, K3 and K4 are chosen suitably.
Denote

(3.11) Cs ::%MZ/ /+OO (x—y dydz—Zuz/ Ji(y)ydy.
i=1
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With p = (p;), a direct calculation shows

;MZ /( +t0)/ Ji(x —y)ui(t, x)dydae
7 > (t+to) 00
_Z /h /+ i(r —y)u(t, @ dydx—ZMz /:*t /h; Ji(x — y)u;(t, v)dydz
+oo
- i A i i(t,z + h(t))]dyd
;N /oo/() J(x y)[(1+€)¢(qj)+p(t$+ (t))] ydz

(t+to)—h(t) 00 _
_ Zﬂz/ ’ /O+ Ji(x — y)[(1 + €)pi(x) + pi(t,x + h(t))]dydx

i=1 o0

mo g(t+to)—h(t) p+oo

<1+ e+ Cakiae V' = Y [ | He =9+ gewyds
i=1 o 0
mo g(t+to)—h(t) p+oo

<1+ o+ Cakae V' = Y [ | e = weitwyda,
i=1 —00 0

where
|[V*| :== max v

1<i<m
By elementary calculus, for any k& > 1,

12 / / \x—y\“ﬁdydx / /_I 2+dedx—/ / 2+ded1‘

// 2+ded ‘/ dey B 1+8) kP
(3

.9), there exists Cy > 0 such that

From (3.1) and

mo g(t+to)—h(t) p+oo
) Ji — 5 dyd
S [ [ e o
B g(t+to)—h(t) p+oo 1
>Cy [ mln oi(g(t+to) — h(t))] /_OO /0 7@ — y|2+5dydx
(313) (t+to) h( ) 0 1 B ¢*C4 _ 5

20.01 [ ) /0 s = 5 (ot t0)] + hie)
Zﬁg“f‘*ﬁ)[(co F1)(E+t) + Cr+ cot + Ko P
_ $Cy [ (co+ 1)to + C1 + Kz} -
B+ B)(2c0 +1)8 (2c0 + 1) ’

where ¢, = 1mm di(—1) < mm #i(—K3) < min ¢;(g(t +to) — h(t)). Therefore, for all large

<i<m 1<i<m 1<i<m
6 > 0 so that

(C() -+ l)to + C1 + Ky
(260 + 1) ’

which is possible since ty(0) and K2(6) grow slower than linearly in 0, we have

mo +oo
Z“Z/ / (x —y)u;(t, z)dydx
i=1 (t+to)

(3.14) 0>
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¢*C4
B+ B)(2c0 +1)
¢*C4
T KB+ B)(2c0 + 1)P

<(1+ €(t))co + CaKae(t)|V*| — 5(t+0)77

=co + €(t) |co + CyK4| V™|
<cop — Kse(t) = b (t)

provided that K7, K3 and K4 are small enough so that

* ¢*C4
3.15 Ki(co + CaK4|V*| + K3) < .
19 oo+ GV B9 = 6 By o 1177
Therefore (3.6) holds if we first fix K, K3, K4 small so that (3.15) holds, and then choose 6
large such that (3.14) is satisfied.
Step 3. We show that (3.5) holds when K3 and K4 are chosen suitably small and 6 is large.
From (1.4), we deduce

Ui(t,r) = — (1 +€)[co + 8 ()] (x — h(t)) + € (t)®(z — h(t)) + pe(t, v),
and

— (14 eo®(x — A(1))

h(t) _ _ —
=(1+¢) |Do / Iz —y) o B(y — h(t))dy — Do ®(x — (1)) + F(®(z — h(t)))

=Do /h(t) J(@—y) o [U(t,y) — pt,y)ldy — Do [U(t, ) — p(t, x)] + (1 + ) F(®(x — h(t)))

—0o0

h(t) L L L
Do [ 3wy eTlty)dy - DoTlt.a) + FU(.2))
g(t+to)

h(t) _ _
+Do [p(t,:v) — / Jx—y)op(t,y)dy| + (1 + €)F(®(x — h(t))) — F(U(t,x)).

Hence

_ A(t) _ _ _

Ui(t,z) =D o / (@ —y) o Ult,y)dy — Dot a) + F(U (L))

g(t-+to)
+ A(t,x)
with
h(t) _ _
A(t,z) :==Do [p(t,x) - /_ J@—y)op(t,y)dy| + (1 +e)F(P(z — h(t))) — F(U(L ))

— (145 () (2 — (1)) + € (O)B(x — h(t)) + pult, ).

Therefore to complete this step, it sufﬁces to show that we can choose K3, K4 and f such that
A(t,z) = 0. We will do that for = € [h(t) — €, h(t)] and for = € [g(to + t), h(t) — €] separately.

Claim 1. If € > 0 in (3.4) is sufficiently small and 6 is sufficiently large, then

h(t) _
Do [P(tvﬂﬁ) - / J(@ —y)op(t,y)dy| + (1 +€)F(®(x — h(t))) — F(U(t,x))
(3.16) —o0

| A1
4

>

- p(t,z) =0 for x € [h(t) — & h(t)].
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Since A\; < 0 and D o V* = V*D, using (3.2) we deduce, for z € [h(t) — & h(t)],

—0o0

h(t)
Do [p(t, ) = / J(z —y) o p(t, y)dy]

- 0 )
=Kye(t) |[DoV*— Do / J(x —h(t)—y)o f(y)v*dy]

—0o0

r 0
=Kyue(t) |[DoV*— Do / J(x —h(t)—y)o V*dy}
—2¢

B h(t)—z
=Kye(t) |[V*VF(0) —\V*—Do / J(y) o V*dy
h(t)—x—2€

=Kye(t) |[V*VF(0) = \MV* = Do /

J(y) o V*dy}
L —2¢

= Kae(t) | V*VF(0) — %v*

= plt, 2)VE(0) 2 plt, ),

provided € € (0, ¢1] for some small ¢; > 0.
On the other hand, for = € [h(t) — € h(t)], b

and
0=<TU(t,z) = (14 )®(¢) + K4eV* < 20(&) + 0V,

So the components of U(t,x) and p(t,z) are small for small € and large 6. It follows that

F(T(t,x) - plt, 2)) — F(U(tx)) = —p(t, ) VP (U (t, 2)) + 0(1) L]

= —p(t,)[VF(0) + o(U)I] = —p(t,2)VF(0) + SLp(t, )

for = € [h(t) — € h(t)], provided that € is small and @ is large. Hence, (3.16) holds.
Denote

M = ! .
DX Sup |93 (2)]

=e(t) |:4K4V* —2K3M1 — B(t + 0)71u* — K4B(t + 9)1‘/*]

KqV* — 2K3M1 — 9—15(11* n mv*)]

=0
provided that we first fix K3 and K4 so that (3.15) holds and at the same time
[Adl

(3.17) LKV = 2K3M 10,

and then choose 6 sufficiently large.

33
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Next, for fixed small € > 0, we estimate A(t, x) for = € [g(t + to), h(t) — €.
Claim 2. For any given 1 > 7 > 0, there is ¢; = ¢1(n) such that
(3.18) (14+€)F(v) — F((14+¢€)v) = ci1el for v e [nl,u*] and 0 < e < 1.
Indeed, by (1.6) there exists ¢; > 0 depending on 7 such that
F(v) —v[VF()]! = 2¢11 for v e [n1,u*].

Since

P_Ig% (1+¢)F(v) ; F((1+¢€)v) :li_lg% eF(v) — [F(v;L ev) — F(v)]
=F(v) — v[VF)]! = 2¢11
uniformly for v € [n1,u*], there exists ey > 0 small so that
(1+¢e)F(v) — F((1+€)v)
€
for v € [n1,u*] and € € (0, ¢g]. This proves Claim 2.

~ci1l

By Claim 2 and the Lipschitz continuity of F', there exist positive constants C} and Cy such
that, for v = ®(z — h(t)) € [®(—€),u’],
(1+e)F(v) — F((1+¢e)v+p)
=(1+4+¢)F(v) = F((1+¢€)v) + F((1+e)v) = F((1+¢e)v+p)
=Crel — Oy Kyel

when € = €(t) is small.
We also have

h(t)
Do [p(tjx) - / J(x —y)op(t, x)dy] =—Do / J(z —y) o p(t,x)dy

= — Kye(t)D o V* = —CyK4e(t)1
for some Cy > 0, and
pr(t,z) = — &N Kpe(t)V* + EK 4 (H)V*
r— GEae()VF — KyB(t+0)'e(t)V*
= — (& + BOTH) Kue(t) V™,

with &, := co max,eg [£'(z)].
Using these we obtain, for = € [g(to + t), h(t) — €],

A(t,z) = — CyKue(t)1 + (1 4+ €)F(®(x — h(t)) — F(U(t,x)) + 2M& (t)1 + € (t)u* + pi(t, x)
=Cre(t)1 — (C + Ca) Kye(t)1 — 2M K3e(t)1 — B(t + 0) Le(t)u* — (& + SOV Kye(t)V*

ZE(t) |:Cll — K4(Cf + Cd)l —2M K31 — ﬁ(f + 9)_111* — (5* + 59_1)K4V*:|

=e(t) [011 — K4(Cf 4 Cq)1 — 2M K31 — £ K,V* — B0~ (u* + K4V*)}
=0
provided that we first choose K3 and K4 small such that
C11 — K4(Cr 4+ Cg)1 —2M K31 — K,V -0

while keeping both (3.15) and (3.17) hold, and then choose § > 0 sufficiently large.
Therefore, (3.5) holds when K3, K4 and € are chosen as above. The proof of the lemma is
now complete. 0
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3.2. The case 5\1 > 0.

Lemma 3.3. Suppose that the assumptions in Theorem 3.1 are satisfied. If A\ > 0, then (3.3)
still holds.

Proof. This is a modification of the proof of Lemma 3.2. We will use similar notations. Let
B =v-2¢€ (0,1, and (co,®) be the solution of (1.4)-(1.5). For fixed € > 0, let £ € C?*(R)
satisfy

0<¢(x) <1, &(z)=1for|z| <§E &(z) =0 for |z| > 2.
Define

where
t
e(t) = Kl(t—l—e)i’g, (S(t) = Ky — KS/ G(T)dT)
0

p(t,z) = K4&(x — h(t))e(t)V*, A(t) = Kse(t),

and the positive constants # and K1, Ks, K3, K4, K5 are to be determined.
Let

C: = i i ! .
ei=,min min 16i(@)]

Then for x € [h(t) — 2¢,h(t)] and i € {1,...,m}, with p(t,x) = (p;(t, 7)),
;i (t, ) >¢i(— A1) — pilt,z) > CeA(t) — Kae(t)v;
>e(t)(CeKs — Kqvi) > 0
if
(3.19) Ky = CeKs/(2 max ),

which combined with &(x) = 0 for |z| > 2¢ implies
(3.20) U(t,z) = 0 for t >0, x < h(t).
Let tg = to(f) and Ko = Ky(f) be given by Step 1 in the proof of Lemma 3.2. Then

[9(t0), h(to)] C (=00, K2/2), and due to p(0,2) = 0 for x < h(tg) < K3/2 < Ko = h(0), we
have

U,2) =(1+¢€(0))P(x — Ko — A) = (14 €(0))P(—K>2/2)
=(1+¢(0)/2)u” = Uto, ) for x € [g(to), h(to)].
Step 1. We verify that by choosing K7, K3 and K5 suitably small,

(3.21)

~ mo h(t) 400
(3.22) h'(t) > Z”Z/ / Ji(x — y)u(t,z)dydz for all ¢ > 0.
i1 g(t+to) Jh(2)

By direct calculations we have
o h(t)
o [
i=1 9

210 h(t) +oo B
=2 Ji(x = y)(1+ e)di(x — h(t) = A(H))dyd
= g /g(t+to) /h(t) (@ =y)L+ )iz —h(t) (t))dyda

+oo
/ Jilw — 9)s(t, 2)dydz
(t+to) Jh(t)

o 0 +o00
=(1+€);m / ) /O Ji(w — 1)és(z — A())dydz
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mo (t+to)—h(t) p+oo
—<1+e>2u/g / Tz — )iz — A(t))dydz

i=1

<(1+ a0+ 1+62m/ [ e = iete =3 - o)l

mo (t4to)—h(t) p+oo
~as0> [ | e = ota)duda

i=1 -

Let M := max sup |¢;(x)| and C3 be given by (3.11). Then

<i<m g<0

0 +o0o
(146 ;u /_OO/O iz — )66 — A1) — du(2)]dyda < 205 MuA().

By (3.13),
mo g(t+to)—h(t) p+oo
Sou JRRCERTIBIE
i=1 -
> ¢*C4 [ (C() + 1)t0 +Ci + Ko —p
“B(1+B)(2¢o + 1)8 (2co+ 1)

Therefore, as in the proof of Lemma 3.2, for sufficiently large 6 so that
(Co + 1)t0 + Ci + Ky

3.23 0 >
( ) (2¢o + 1)
holds, we have
mo h(t) +o0
S [ [ e - puta)dyds
=1 g(t+to) Jh(t)
<(1 + 6)60 + 203M1)\(t) - 0-C1 (t + 9)76
- B+ B)(2co + 1)7

¢*C4
K18(1+ B)(2¢co +1)8

=co + E(t) [Co + 2C3M 1 K5 —

<cp — Kse(t) = ()
provided that K, K3 and K5 are suitably small so that
¢*O4
B+ B)(2co +1)5°

Step 2. We show that by choosing K3, K5 suitably small and 6 sufficiently large, for ¢ > 0,
€ [g(t +to), h(t)],

(3.24) Ki(co +2C3M1 K5 + K3) <

7 W) 7 7 7
(3.25) Ui(t,z) =D o /( o 3@ =) o Uy = Tlt0) + F(O(2),
g(t+to

Using the definition of U, we have

Uit,x) =— 1+ ) (W +XN)'(x —h =X\ +P(x—h—)) —p;
—(1+ &g+ +N)@(x—h—AN)+®(x—h—)\) —p
and from (1.4), we obtain

— (14 €)co®(x — h — \)
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h4
—(1+¢) Do/ J(x—y)ocb(y—h—A)dy—Do(I)(:c—h—)\)+F(<I>(x—h—/\))]
=(1+¢) Do/h J(a:—y)oq)(y—ﬁ—A)dy—Doq)(x—ﬁ—A)+F((I>(x—/_1—)\))]

h
_Do / Iz —y) o [T(ty) + pldy — Do [Tt 2) + pl + (1 + OF(®(x — h— \))

—0o0

h(t) o _
—Do / I —y) o Ult,y)dy — DoT(t,x)

—00

h(t) _
—Do [p(t,:c) - /_ Jz—y)op(t,y)dy| + (1 +€)F(P(x —h—N))

h(t) L L L
=Do [ 3w—y)oTUlt.u)dy— DoTlt.a) + FU(t.2))
g(t+to)

h(t) _ _
—Do [P(tﬁﬁ) - / J@—y)op(t,y)dy| + (1 +e)F((x—h—A) - FU(t 2)).

Hence
_ (1) 7 - _
U,(t,z) =D o / Iz —y) o Ut,y)dy — Do T(t,z) + F(T(t 7))
g(t+to)
+ B(t, )
with

h
B(t,2):=— Do [pu,x) - / I(x —y) o plt,y)dy

—00

+(1+e)F(®(x—h—\)—F(@)

— 1+ +N)®'(x —h— A +®(x —h—)\) — p;.
To show (3.25), it remains to choose suitable K3, K5 and 6 such that B(t,z) = 0 for ¢ > 0 and

z € [g(t +to), h(D)]-
Claim: There exist small & € (0,/2) and some Jy > 0 depending on € but independent of
€0, such that
h
— Do |p(t,x —/ J(@ —y)op(t,y)dy
(3.26) (t,z) (z —y)op(t,y)

—00

+(1+e)F(®(x—h—N\) - FU(t,z))

= Jop(t,z) for x e [h(t) — &, h(t)].

Indeed, for x € [h(t) — &y, h(t)],

h(t)
Do [p(tv T) — / J(x —y)op(t, y)dy]

—00

—00

[ h(t) _
—Kie(t) [DoV* Do [ 3@ y)ogly—hO)V*dy

i h(t)
<Kyue(t) |[DoV*—Do / J(xz —y)oV*dy
I h(t)—¢

i h(t)—z
=Kye(t) |[DoV*—Do / J(y) o V*dy
h
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jDO/J[l—/Z+€OJ(y)dy] < Dop [1—/2/2J(y)dy]-

On the other hand, for = € [h(t) — &, h(t)], we have
(1+)F(®(x —h—\) — F(U)

=F((1+e)®(x—h—A) - F(U)

—F(U +p) = F(O) = p([VFO)]" + (1)1,
—Ke(t)V* ([VF(O)]T + (1)L
=K4e(t)[V*D + M\ V* +0o(1)V*]
=K4e(t)[D o V* + M V* + 0(1)V*]
=Dop+Ap+o(l)p.

N——

since both U(t, z) and p(t,z) are close to 0 for z € [h(t) — &, h(t)] with & small.
Hence, for such z and €y, since A\; > 0,

h(t) _
- Do [p(t, ) — / I —y)pt,y)dy| + (1 + ) F(®(x = h(t)) — F(U(t, z))

0
-1 +/ J(y)dy

—&/2

=Dop +Dop+rp+o(l)p

- N 1 0
=Jo p(t,x), with  Jp:= = min di/ Ji(y)dy if mo =m
1S2§m _€/2

This proves (3.26) when mg =m
If mo < m, we need to modify V* in the definition of p slightly. In this case, for 6 > 0 small
we define
V*:=V* 40D = (v} + dd;).
Since d; =0 for i = my + 1,...,m and d; > 0 for i = 1,...,mg, by (f1) (iv) we see that
W = (w;) := D[VF(0)]"

satisfies w; > 0 for ¢ = mg + 1, ...,m. Let us write

=0 fori= 1,.
W =W+ W2 = (w}) + (w?) with “’; —Olori=mo L,
w;y =0fori=1,....m
Then - -
(7% — » = ~1 * + 5 + 5 Wit = -
1% ([VF(O)]T D) MV WL 5W? with W= W

It is important to observe that the vector Wl = (w}) has its last m —mg components 0, namely
W} =0fori=my+1,...,m.
Replacing V* by V* in the definition of p, we see that the analysis above is not affected,

except that, for & > 0 small and z € [h(t) — &y, h(t)],
(1+ )F(®(x — h— \) — F(T)
=Kae())V* ([VE(O)]" + o(1)1 )
=K ye( t)( VD + MV* +o()V*] + W' + SWQ)
(t)

=Kye(t (D o V*+ MV* +o(L)V* + W' + SWQ)
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=D op+ Kyue(t) (0(1)V* oW+ SWQ)
Hence, for such = and €y, we now have

h(t) _
—Do [ﬂ(t,fﬂ) - / I —y)pt,y)dy| + (1 + ) F(®(x = h(t)) - FU(t, z))

0 —— ~
~Dop _1+/ I)dy| + Do pt Kielt) (o()V" + 517" 4 512)

—&/2

0 o~~~ ~
§K4e(t)( min v} / Ji(y)dyD + o(1)V* + sW* + 5W2>.

1<i<mg —&/2

We now fix 6 > 0 small enough such that
0

W < ;1%“2%% vfd » Ji(y)dy,
and notice that . 0
W= - 1§ni1§i%zo vid; s Ji(y)dy + 6W?=-0.
Therefore there exists j() > 0 such that
%/W = JoV*.

Then

0 o~~~ ~
K4e(t)( min v} d; / Ji(y)dy 4+ o(1)V* + oW + 5W2)
1<i<mg —&/2

_ 1~ - -
= Kye(t) (W n 0(1)V*) = Kae(t)5W = Kae(t)JoV* = Jop,

provided that €y > 0 is chosen sufficiently small.

Therefore for €y > 0 small and = € [h(t) — €, h(t)], we finally have

h(t) _
—Do [p(t, z) — / J(@—y)pt,y)dy| + (1 +e)F(@(x — h(1))) — F(U({,2))

—00

b jo p(t,z), as desired.

With 6 > 0 chosen as above, we will from now on denote

i+ vV ifmg=m,
- f/* if mg < m,

but keep the notation for p unchanged.
Clearly

—pi(t,x) = BE4K (t+0) P~V = 0.
Recalling M; := pax sup |¢(z)|, we obtain, for z € [h(t) — &, h(t)] and small &,

1SN <0
B(t,z) = JoKae(t)V* +2(8'(£) + N(£))Mi1 + € (t)u*
— JoKae(t)V* + 26(t)(—K3 — KsB(t + 0) ") Mi1 — B(t + 0)e(t)u”

> €(t) [j0K4V* — 2(K3 4 K580~ 1) M1 — ﬁ&‘lu*}

= e(t) [j0K4V* —2K3Mq1 — 6! <K5,3M11 + Bu*)}

39
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=0

provided that K3 is chosen small so that (3.24) holds,

(3.27) JoK4V* — 2K3M;15+0,

and 6 is chosen sufficiently large.

We next estimate B(t,z) for x € [g(t + to), h(t) — €)]. From Claim 2 in the proof of Lemma
3.2, and the Lipschitz continuity of F', there exist positive constants C; = Cj(&) and C such

that, for v = ®(x — h(t — A(t))) € [®P(—é), u*],
(14 F@) ~ F(1+ 6o —p)
=(1+€e)F(v) = F(1+¢e)v)+ F((1+¢€v)—F((1+ev—p)
=Ciel — Cyp = Ciel — CrK4eV™
when € = €(t) is small. Hence
(14 e)F(®(x —h—\) — F(U)
=Crel — OpKyeV* for o € [g(t +to), h(t) — &), 0 < & < 1.

Clearly,

h(t) R
—Do[p@,x)— / (@ —y) o plt a)dy| = —Kse(t)D o V™,

and
pe(t, ) = —K4&'W (1) e(t)V* + Ku&e' ())V* < & Kye(t)V*

with &, 1= ¢o maxger | (7). B
We thus obtain, for z € [g(t + to), h(t) — €] and 0 < €y < 1,

B(t,z) = — Kye(t)D o V* 4 (1 + €)F(¢(z — h)) — F(U) 4+ 2M, (8 + N)1 + €u* — p,
=Cre(t)1 — Kye(t)(D o VF + CpV* + £ V) + 2M; (— Kae(t) + Ks€' (1)1 + € (t)u*

=e(t) {C’zl — Ka(DoV* + CpV* + &V*) — 2My (K3 + K5B(t +0) 1)1 — B(t + 9)111*]

=e(t) [Cll ~ Ky (D oV 4 PV + g*f/*) MKl — 9_1ﬂ<2M1K51 + u)]
=0
if we choose K3 and K5 small so that (3.24) and (3.27) hold and at the same time, due to (3.19)
ol - K, (D o V* 4+ CpV* + 5*17*) — 2M, K315+-0,

and then choose 6 sufficiently large. Hence, (3.25) is satisfied if K3 and K5 are chosen small as
above, and 0 is sufficiently large.
From (3.20), we have

U(t,g(t+to)) =0, U(t,h(t)) =0 for t>0.

Together with (3.21), (3.22) and (3.25), this enables us to use the comparison principle to
conclude that

h(t+to) < h(t), Ut +to,z) 2 U(t,x) for t >0, = € [g(t +to), h(t)],

which implies (3.3). The proof of the lemma is now complete. O
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3.3. Proof of Theorem 3.1. Since (J!) holds, by Lemma 2.8 and then by (3.1), there exists
Cy > 0 such that

h(t) — cot > — C

t Dy o
1+/ (1+m)1dx+/2 ij(a:)dsc—i-t/ a:j(ac)dx]
0 0 .

0 ¢

2
cQ

) t
22 Vdx + Cyt /

<
5t

o0

1
>_C 1+/ j(x)d:ﬂ—l—ln(t+1)+00/
0 1

m1_7d$] .

Therefore when v € (2,3) we have, for t > 1,
h(t) — cot > — C [C‘ +In(t+1) + C’lti”ﬂ > 3

for some C’l,é’, C1 > 0, and when vy=3,fort>1,
h(t) —cot > — ég Int

for some Co > 0. This combined with Lemmas 3.2 and 3.3 gives the desired conclusion of
Theorem 3.1. The proof is completed. O

4. GROWTH RATES OF ACCELERATED SPREADING FOR KERNELS OF TYPE (J7)

Let (U,g,h) be the unique positive solution of (1.1), and assume that spreading happens.
Under the assumptions of Theorem B (ii), we have

flim@:hm@:oo
t—oo ¢ t—oo ¢

Suppose (J7) holds for some ~ € (1,2], namely, for |z| > 1 we have
(4.1) Ji(x) = |z|77 for i € {1,...,mo} and some v € (1, 2].
Then
/ Ji(z)dzr < oo, / |z|J;(x)dx = oo for i € {1,...,mo}.
R R
So (J1) is not satisfied.

The purpose of this section is to prove Theorem 1.2, which we restate as

Theorem 4.1. Assume that (J) and (f1) — (f4) are satisfied. If spreading happens, and addi-
tionally (4.1) holds, then for large t > 0,

—g(t), h(t) = tY0=D if y € (1,2),
—g(t), h(t) ~ tlnt if v=2.

We will only prove the estimate for h(t), since that for g(¢) follows by the change of variable
x — —x. Theorem 4.1 will follow directly from the lemmas in Subsections 6.1 and 6.2 below.

4.1. Upper bound. To prove the upper bound a slightly weaker condition than (4.1) is enough.
We assume that there exist positive constants C'y and Cs such that

o)) i
4.2 — < Ji(x) < f €R and € (1,2].
(4.2) P ;:1 pidi(x) < apal o and some v € (1,2]

Obviously, (4.2) has no restriction for the kernel function .J;, whenever y;, = 0, and (4.1) implies
(4.2) for the same 7.
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Lemma 4.2. Assume that (J) and (f1) — (£4) hold. If spreading happens, and (4.2) is satisfied,
then there exits C = C(y) > 0 such that

{h(t) < Cct/O-Yif 4 e (1,2),

(4.3) .
h(t) < Ctlnt if v=2.

Proof. Define, for ¢t > 0,

(1) = (Kt +0)/0-1 if v e (1,2],
T (Kt+0)In(Kt+6) if y =2,

and

Ult,z) :=ul, @ := 1r<na<x {llwiolloo ui}, x € [—=h(t), h(t)],

with positive constants # and K to be determined.
We start by showing

(4.4) / / y)u;(t, z)dydx for ¢>0,
h(t

and

— R/(t ZMZ/ / y)u;(t, x)dydz for ¢ > 0.

Since U(t,r) = U(t,—z) and J;(x) = J;(—x), it suffices to prove (4.4).
By simple calculations and (4.2), for any k > 1,

Z“’L/ / (r—vy dyda:—z,u,z// y)dydz

ZZM/O ydy+Zuz/ Ji(y)dy

k 0o k 0o
Cay / Ca / Cay Co
< dy +k dy < Cﬂy+/1dy+k/ —dy
/0 Yy’ +1 TR 0 1Y Y

and so

Mo 0 0 k2=

Zﬂz‘/ / Ji(x —y)dyde < Cy + —— ¢ (K> —1) + % if v €(1,2),
(5) = J-rJo 2—7 v -1

mo 0 00

Z,ui/ / Ji(z —y)dydx < 2C5 + Colnk if v=2.
— —kJo

A direct calculation gives

/ / (x —y)u;(t, z)dydr = u/Qh /+OO (x — y)dydzx.

Hencefor1<’y<2 by (45

h(t) “+o0
” / ) / Ji(x — gt 2)dyde
— —h(t) JR(t)

<i [02+22—7< C: , >(Kt+«9)(2‘7)/(7—1)}
2= -

Kk @-7)/(1—y) _ !

<—1( t+0) VT = B (¢)

—_

f)/_
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provided that K > 0 is large enough. And for v = 2,

Z / /h y) i (t, z)dydx

§u(202 + Cy In[2(Kt 4 6) In(Kt + 9)])
<(2Cy + Cy n 2(Kt + 0) + Co In[In(Kt + 6)))
<KIn(Kt+0)+ K =h'(t)

if K> 1. This finishes the proof of (4.4). o
Since U > u* is a constant vector, we have, for t > 0, x € [—h(t), h(t)],

(4.6) Ui(t,x)=0= Do /;(:) J(x—y)oU(t,y)dy — Do U(t,z) + F(U(t,x)).
Moreover, h(0) > hq for large 6, and obviously
U(t, +h(t)) = 0 for t >0,
U(0,z) = U(0,z) for z € [—hg, ho).
Hence we can apply the comparison principle to conclude that
lg(t), h(t)] C [=h(t), h(t)], t>0,
Ut,z) 2 U(t,z), t>0, z € [g(t), h(t)].
Thus (4.3) holds. O

4.2. Lower bound. The lower bound is more difficult to obtain, and we will consider the cases
v € (1,2) and v = 2 separately.

4.2.1. The case v € (1,2). We start with a result from [10].

Lemma 4.3. [10, (2.11)] If J satisfies (J), then for any € > 0, there is L. > 0 such that for
alll > Le and Yy(x) =1 — |z,

(4.7) /ll J(z —y)u(y)dy > (1= e)u(x) in [1,1).
Lemma 4.4. Assume that the conditions in Theorem 4.1 are satisfied and v € (1,2). Then
there exits C = C(y) > 0 such that
(4.8) ht) > CtY/O7Y fort > 1.
Proof. Define
h(t) := (Kit+0)Y0=D ¢ >0,
h(t) — ||
h(t)
with positive constants 6 and K, Ky to be determined, where the vector © = (;) is given by

Lemma ?7.
Step 1. We show that, for large K7,

h(t +oo
(4.9) W (t) < ui/ / J(x —y)u,;(t, z)dydz for t > 0.

By simple calculations and (4.2), we obtain

h(t) +oo
/ / (x — y)u,(t, z)dydx

U(t,x) := Ky O, t>0, x€[—h(t),h(t),
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+oo
> ,uzKQH / / J,
Z h(t)

/-%K2

-3
-3
—z

mo

_Zﬂz

A
AR
(/
il

N1K2

,UzK29

=Co(Kit + 0)F/0-1 >

provided that K; > Co (y—

///

K h(t)
i 201/ Yy > ) b
=1
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h(t) —x

dydz
—z)dydx

y)xdydx

) y)zdxdy

o K Cy [hO 2
2 2 1 Y
dy = E Nz i /0 Y+ 1dy
Z”” | ‘Kgcl h(t)*

4h(t) 37

=I'(t)

K1 (2=)/(—1)
] (K1t +0)

1). This finishes the proof of Step 1.

Step 2. We show that , by choosing K, K3 and 6 properly, for ¢t > 0, x € (—h(t), h(t)),

h(t)
(4.10) U,(t,2) =D o / (@ —y) o Ult,y)dy — Do Ult,z) + FU(t,x).
~h(t)
From the definition of U, for ¢t > 0, z € (—h(t), h(t)),
2] (2) H(t)  KiK0,
U,(t, ) =K20 < — ().
R R T
Claim 1. For x € [—h(t), h(t)], there exists a positive constant C depending only on v such
that
h(t) R
(4.11) | 36— 9o Uty = Cirz0n(0)'-
~h(t)
By (4.1), there exists C; > 0 such that
(4.12) Ji(x) > |a:|’Y for reR, i=1,..,mp.
Hence
h h—x
[ a@=-wettnin= [ 3w oty
—h —h—z
h—z S
" Ci h—|y+x
=K>0 dy.
S s el
Thus, for = € [h/4, h],
N .
h—ly+=|
J(z — oUtydy>K@/ G dy
/—h e ity syt R
¢y h-— ¢ -
:Kg(%/ G & (y+x)dy5K2@/ LY
_nya lylY+1 h —halyY+1 R
_K»0 /h/4 Cry o C1K20 /h/4 Y= 7dy
h Jo y+1 2h )y
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“32 -k (h/4) = C1K,0h!~
And for z € [0, h/4],
b b —ly+|
_ - K.
/_h.](:n y)oUl(t,y)dy = 2@/ !yW—I—l i d

h/d
Y 1—
= K50 L Zdy = C1K20h'
Z 2 /0 W +1h Yy — Upisa
by repeating the last a few steps in the previous calculations.

This proves (4.11) for x € [0,h]. (4.11) also holds for = € [—h, 0] since both J(x) and U(t, x)
are even in z.

Claim 2. We can choose small Ks and large 6 such that, for x € [—h(t), h(t)] and ¢t > 0,

h h

Do/J(x—y)oU(t,y)dy—DoU(t,x)+F(U(t,w))EF*/ J(z —y)oU(t,y)dy
—h —h

for some positive constant Fy. Let © be defined as in Lemma 2.1 of [11]. It is clear that
U < K50, and thus for small K9 > 0 from the definition of ©,

F(U(t,z)) = KQW@<[VF(O)]T+O(1)I ) = Ko (i)L(t)

where A; > 0 is given in Lemma 2.1 of [11]. Moreover, by (4.7), there is L; > 0 such that for
gt/ (—1) > Ly,

i 3>\ 0= f)qQ(t,x),

h(t) A\
Do [ 3z -y)oUlty)dy+ FUte) = DoUlta) for o € [-h(t)ht))

Therefore Claim 2 is valid with F, = A1 /2.
Combining Claim 1 and Claim 2, we obtain

h
Do[ﬁux—woU@wmy—DoU@wwwnwa»

= F,C1Ky0h(t) ™7 =

provided that

This proves (4.10).
Step 3. We prove (4.8) by the comparison principle.
It is clear that

U(t,£h(t)) =0 for t > 0.

Since spreading happens for (U, g, h), for fixed 6 and small K7, K9 as chosen above, there exists
a large tg > 0 such that

[=R(0), h(0)] C [g(t0)/2, h(t0)/2],
Ulty,z) = K20 = U(0,x) for x € [—h(0),h(0)].

Moreover, since J(x) and U(t, x) are both even in z, (4.9) implies

/ / u,;(t,z)dydz for ¢ > 0.
h(t)
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These combined with the estimates in Step 1 and Step 2 allow us to apply Lemma 7?7 to conclude
that

[=A(t), A(1)] C [g(t +to), h(t + to)], t>0,
Ut,z) 2U(t+ tg, z), t >0, z €[-h(t),h(t)].
Hence (4.8) holds. O

4.2.2. The case v = 2. The following simple result will play an important role in our analysis
later.

Lemma 4.5. Let [y and lo with 0 < 1 < Iy be two constants, and define

V() =Yzl l2) = min{l, 2 ; i } , xR
1

If J satisfies (J), then for any € > 0, there is Le > 0 such that for all ly > Le and ly — 11 > L,

lo ~
(113) [ @ity = (1= i) in (a1
Proof. Since [ J(z)dz = 1, there exits B > 0 such that
B
(4.14) / J(z)dz > 1 —¢/2.
-B

In the following discussion we always assume that Iy > B and Iy — I3 > B. Clearly, for
RS [—(ZQ — ll) + B, (lQ — ll) — B], due to

Y(x) =1 in[—(l2 —h),l2 — ll,
we have

la lo—ly  _ lo—ly
L/ ﬂx—wwwMyz/' J@—yW@Myz/' J(x — y)dy

—l2 —(l2—l1) —(l2=h)
lo—li—z B _
=[O dwwz [ Tz 1- 2> (- 9ue).
—(la—l)—z -B
It remain to prove £4-13) for x € [~la, —(la — l1) + B]U[(l2 — 1) — B,ls]. By the symmetric
property of ¢ (x) and J(z) with respect to x, we just need to verify (4.13) for z € [(la—11)— B, l2],
which will be carried out according to the following three cases:
(i) T € [lg -1 —B,ls — 11 + B], (ii) S [lg -1+ B,ls — B], (iii) T € [lg — B,lg].

(i) For x € [la — l1 — B,ls — l; + B], since 9(z) is nonincreasing for z > 0, we have

la lo—x
L/ ﬂx—@¢@ﬂy=/" J)d(y + z)dy

—ls —la—x

B B
>/ J@W@+wﬁy>/ F)b(y + 2)dy

—2ls+11+B —B

B ~
z/ Ja)ely + 1 — 1 + B)dy,.
—B

By the definition of 1,

l2*(y+l2fl1+B) :1_y+B

Y(y+la—0L+B)= )
I b

y € [-B, B].

Hence,

B 5 .
[t man= [ - [T
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- 2B?
>1—¢€/2 - HJHLOO(R)T >1—e>(1-e)p(x)
provided
AT || oo (ry B2
. 1| oo (r)

)

€
which then gives

Iy
/ J(x—y)Y(y)dy > (1 —e)y(x) for z €lla—11 —B,la— 11 + BJ.

712

(ii) For z € [l — l; + B,ls — B,

la lo—z
/ J(x —y)(y)dy = / J(W)Y(y + x)dy

—ls -
B ~ B _
> [ ety ady= [ Tty
—2l2—B+l -B
From the definition of ¢, for « € [la — 1 + B,ly — B] and y € [-B, B,
= (yt+x) b-z oy

Uy +o) = 2 = =) -

Thus, by (4.14),
la B _
/ J@—yW@Myz/’J@ww+xmy
—ls —B

B B B
=ww/'ﬂw@—/ ﬂwﬁm:wm/ J(y)dy > (1 - ().

_B -B -B
(iii) For z € [la — B, ls],

Iz _ lo—z _
/ J(x —y)(y)dy = / J(y)Y(y + x)dy

=l —l—z

lo—x ~ lo—x -
ZKWTB“”¢@+$“y2/; Fy)i(y + 2)dy
B B
= /B J()(y + z)dy — - J(y)(y + z)dy

As in (ii), we see that

B B
| Iwu ot =v@ [ Jwdrz (- v,
—B -B
By the definition of 1,
(y+x) <0 for z€lly— B,ly, y € [la—z,B],
which indicates
o B

| i@y [ Twit+ady = 0= 0u).

The proof is now complete.
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O

Lemma 4.6. If the conditions in Theorem 4.1 are satisfied and v = 2, then there exits C' > 0

such that
(4.15) h(t) > Ctlnt fort > 1.
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Proof. For fixed g € (0,1), define
{h(t) = K1 (t+6)In(t + ), t>0,

U(t,z) := Komin {1, h(t)—|x|} ©, t>0, ze[—h(t),h(t),

(t+6)8

for constants 6 > 1 and 1 > K; > 0,1 > K5 > 0 to be determined, where © is given in Lemma
??. Obviously, for any ¢t > 0, the function 9,U(t,x) exists for x € [—h(t),h(t)] except when
|z| = h(t) — (t + 0)P. However, the one-sided partial derivates ;U (t £ 0, x) always exist.

Step 1. We show that by choosing 6 and K7, K5 suitably,

(4.16) B'(t) <§0: ; R Ji(x —
. h'(t) < L i(x — y)u,(t, z)dydx for t > 0,

—h(t)
(4.17) —B(t Z,uz/ / (x — y)u,;(t, z)dydx for t > 0.
h(t)

Since U(t,x) = U(t, —x) and J(x) = J(—=x), we see that (4.17) follows from (4.16).
By elementary calculations and (4.2), we have

h(t) +oo
Z i / / (x — y)u,(t, z)dydx

h(t)—(t+0)8  p4oo
> Z i / / Ji(x — y)uy(t, v)dydz
par 0 h(t)

(t+0)P +oo h(t) +00
= Z ;i K20, / / (x — y)dydx = Z i K20, / / y)dydz
h(t)

_ZW(/ S )dedy
t+0)8 J (t+6)8 h(t) J (t+6)°

_ 8
> ZMZKZ / / Ti(y)dady > chlng / y=(t+0)7
(t+0)8 J(t+0)8

P (t+6)8 yZ+1

h(t)
dy

h(t) _
y—(t+6)°
> > 1iC1K30; ——dy
; R ET
mo B
_ZMCle@ = (ln h(t) — Bln(t+0) + (t;—(f)) — 1>

=1

ZEZMQKﬁ%m@w—Bm@+®—U

=1

= ZMOlKQ (In K, +In(t + 6) + In(In(t 4 0)) — BIn(t + ) — 1)

zzmqm?_mmwwwuzmMHw+m—W”
=1

if
In(Inf) > —In K; + 2,
mo
piC16;(1 — B)
K; < KQZfa

i=1

(4.18)
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which then finishes the proof of Step 1.
Step 2. We show that by choosing K, K3 and 6 suitably, for ¢ > 0 and x € (—h(t), h(t)),

(o
(4.19) U,(t.2) <D o /h(t) Iz —y) o Ut,y)dy — Do Ut z) + F(U(t z)).

From the definition of U, for t > 0,

U,(t,z) =0, |z| < h(t) — (t +6)°.
Claim 1. For x € [~h(t), —h(t) + (t + 0)’] U [h(t) — (t + 6)®, h(t)] and large 6,
/h@ C1 K>3 In(t + 0)

Qt(t, l‘) = K1K2

(4.20) J(@x—y)oUl(t,y)dy =

—h(t) 4(t + 9)'8 ’
where C > 0 is given by (4.12).
A simple calculation yields, for x € [h(t) — (t + 6)7, h(t)],
h(t) h—y

h(t)
Jz—vy OUt,ydytK@o/ Jxz—vy dy
/—h<t> (v Ulty) 0 Ju -0y oy

K-0 /h(t)—a:
° IW)[h() — (y + 2)]dy.
E+07 ° Juey— 10y W)[A(t) = (y + z)]dy

Hence, for x € [h(t) — 3(t + )%, h(t)], by simple calculations and (4.12),

h(t) K50 0
J(z —y)oUl(t,y)dy = O/ J(y)(—y)dy
/ e eutyws e [ )y
K50 (t+6)° /4 Ci KO [t+0)7 /4
= 60/ I(y)ydy = — 25/ Y —dy
t+60)° " J t+0)° J, y2 +1
C1K,© [H07/4 C1 K0
- = -
_2(t+9)5/1 y dy 2(t+9)ﬁ[ﬂln(t+0) In 4]
C1 K28 1n(t + 0)
T 4t +0)8
if
(4.21) glnﬁ > In4.

And for z € [b(t) — (t + 0)%, h(t) — 3(t + 6)7),

h(t) 3(t40)P /4
[ da—weUtady= e [ 3w - o+l

—h(t) (t+0)

K,0 (t+6)7 /4 C1KoB1In(t + 0)
—-—c -
“(t+0)8 O/O JW)ydy = A(t+0)P

This proves (4.20) for = € [h(t) — (t + 0)°, h(t)].
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For x € [~h(t), —h(t) + (t + 6)”], (4.11) also holds since both J(z) and U(t,x) are even in x.

Claim 1 is thus proved.
Claim 2. We can choose small K» and large 6 such that, for x € [—h(t), h(t)],

h(t) h(t)
(4.22) D o/ J(z —y)oU(t,y)dy—DoU(t,z)+ F(U(t, x)) = F\ / J(z —y) o U(t, y)dy
—h(t) —h(t)

for some F, > 0.
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For small K9 > 0, from 0 < U < K50 and the definition of © in Lemma 77, we have
F(U(t2)) =U(t, )([VF( )] o()1,,)
=K5 min {1, Ty ]w\ } @([VF(O)]T + 0(1)Im>
>-K2m1n{1, (t ]x\}i)\ ©= )\1U(t x),

where A\; > 0 is given by Lemma 2.1 of [1
For large 6 and ¢ > 0, we have

(4.23) h(t) — (t+0)° > 0°(K10" P o —1)>6° (t+0)°>06°
Hence, by (4.13), there is large L1 > 0 such that, for 8% > L; we have
h(t) h)
Do [ 3@ -y)oUltydy+ FU(te) = DoUlta) for o [~h(o) A()]
—h(t)

Therefore (4.22) holds with Fy = \;/2.
Applying (4.20) and (4. 22) we have, for z € [~h(t), —h(t) + (t + 0)P]U [h(t) — (t + 0)%, h(t)],

D/ y)oU(t,y)dy —U(t,z) + F(U(t,x))
F, ClKgﬂ ln(t -+ 9) ln(t + 0) +1
0107 0~ Klew@
—B)In(t+0)+1  Kofh(t)
[KlKQ (t+6)8 (t + 6)1+5 }
N [KlKQ B)n(t+0) + K1 Ky Kof|| } o
- (t+06)8 (t+0)1+8

if apart from the earlier requlrements, we further have
F, 01/3
5

(4.24) Inf > 2 and K; <
For |z| < h(t) — (t + 6)5,

(o)
Do / Iz —y) o Ult,y)dy — Do U(t,z) + FU(t,z))
~h(t)

h(t)
= F [ 3wy o Uty = 0 = Uyft,),
—h(t)
Thus (4.19) holds. (Let us stress that it is possible to find K7, Ko and large 6 such that (4.18),
(4.21), (4.23) and (4.24) hold simultaneously.)
Step 3. We finally prove (4.15).

Clearly, U(t, £h(t)) = 0 for t > 0. Since spreading happens for (U, g, h) and Ky > 0 is small,
there is a large constant ty > 0 such that

[—1(0), (0)] C [g(t0)/2, h(t0)/2],
U(0,z) = K20 < U(tg,z) for x € [—h(0),h(0)].
By Remark 2.4 and Lemma 2.5 of [11], we obtain
[=h(t), A(t)] C [g(t +to), h(t +to)]; t>0,
U(t,x) 2 U(t+ to, z), t >0, z € [—h(t),h(t)].



COOPERATIVE SYSTEMS WITH NONLOCAL DIFFUSION AND FREE BOUNDARIES, PART 2 51

Thus (4.15) holds. This completes the proof of the lemma. O
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