RATE OF PROPAGATION FOR THE FISHER-KPP EQUATION WITH
NONLOCAL DIFFUSION AND FREE BOUNDARIES

YIHONG DU AND WENJIE NIt

ABSTRACT. In this paper, we obtain sharp estimates for the rate of propagation of the Fisher-KPP
equatlon Wlth nonlocal diffusion and free boundaries. The nonlocal diffusion operator is given by
Jz J( u(t,y)dy —u(t, z), and our estimates hold for some typical classes of kernel functions J(z).
For example if for |z| > 1 the kernel function satisfies J(z) ~ |z|”7 with v > 1, then it follows
from [17] that there is a finite spreading speed when v > 2, namely the free boundary = = h(t)
satisfies lim; o0 h(t)/t = co for some uniquely determined positive constant ¢o depending on J, and
when v € (1,2], lim;—, o h(t)/t = co; the estimates in the current paper imply that, for ¢ > 1,

1 when v > 3
cot —h(t) ~ < Ilnt  when v =3,
377 when v € (2,3),
and
tint when v = 2
h(t) ~ ’
® {tl/(”*’” when v € (1,2).
Our approach is based on subtle integral estimates and constructions of upper and lower solutions,

which rely crucially on guessing correctly the order of growth of the term to be estimated. The
techniques developed here lay the ground for extensions to more general situations.
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1. INTRODUCTION

In this paper we determine the spreading rate for the Fisher-KPP equation with nonlocal diffusion
and free boundaries considered in [11] and [17]. The problem is a “nonlocal diffusion” version of the
following free boundary problem with “local diffusion”:

— dug, = f(u), t>0, g(t) <z <h(t),
(1.1) u(t, g(t)) = u(t, h(t)) =0, t >0,
g'(t) = —pug(t, g(t), W (t) = —pu(t, h(t)), t>0,
g(0) = go, h(0) = ho, u(0,z) = up(x), go <z < hy,
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where f is a C! function satisfying f(0) = 0, # > 0 and go < hg are constants, and ug is a C? function
which is positive in (gg, hg) and vanishes at x = gg and & = hg. For Fisher-KPP type of f(u), (1.1)
was first studied in [18], as a model for the spreading of a new or invasive species with population
density u(t,z), whose population range (g(t),h(t)) expands through its boundaries = = g(t) and
x = h(t) according to the Stefan conditions ¢'(t) = —pu.(t,g(t)), h'(t) = —puy(t, h(t)). A deduction
of these conditions based on some ecological assumptions can be found in [9].

By [18], problem (1.1) admits a unique solution (u(t, x), g(t), h(t)) defined for all ¢ > 0, and its long-
time dynamical behaviour is characterised by a “spreading-vanishing dichotomy”: Either (g(t), h(t))
is contained in a bounded set of R for all ¢ > 0 and u(¢,z) — 0 uniformly as ¢ — oo (called the
vanishing case), or (g(t), h(t)) expands to R and u(¢, z) converges to the unique positive steady state
of the ODE v' = f(v) locally uniformly in € R as ¢ — oo (the spreading case). Moreover, when
spreading occurs,

lim_g(t):hmh(tt):k:g>0,

t—00 t t—00

and ko is uniquely determined by a semi-wave problem associated to (1.1).
Problem (1.1) is closely related to the corresponding Cauchy problem

Ut — dUzy = f(U)a t>0, r€R, ,_ UO(.%'), T [907h0]1
(1.2) {U(O,x) =Up(z), =z€R, where Up(z) := 4 z € R\ [go, ho).

Indeed, it follows from [16] that the unique solution (u,g,h) of (1.1) and the unique solution U
of (1.2) are related in the following way: For any fixed 7" > 0, as p — o0, (g(t),h(t)) — R and
u(t,z) — U(t,z) locally uniformly in (¢,z) € (0,7] x R. Thus (1.2) may be viewed as the limiting
problem of (1.1) (as u — o0).

Problem (1.2) with Uy a nonnegative function having nonempty compact support has long been
used to describe the spreading of a new or invasive species; see, for example, classical works of
Fisher [25], Kolmogorov-Petrovski-Piscunov (KPP) [33] and Aronson-Weinberger [2].

In both (1.1) and (1.2), the dispersal of the species is described by the diffusion term dug,, widely
called a “local diffusion” operator, which is obtained from the assumption that individuals of the
species moves in space according to the rule of Brownian motion. The nonlocal diffusion version of
(1.1) considered in [11] has the following form®:

w=d /R Iz y)u(t y)dy — du(t,z) + f(w), >0, x € (g(t), h(t)),
(tg(t —uth =0, t>0,
(t)
(1.3) Ju(t, x)dydz, t>0,
g(t)h
S u(t, z)dyd t>0,
u / / (t,0)dyds,  t>
( ) = ugl\xr = _g( ) — h07 HS [_h‘OahO]v

where x = g(t) and « = h(t) are the moving boundaries to be determined together with u(t, z), which
is always assumed to be identically 0 for x € R\ [g(t), h(t)] ?; d and p are positive constants. The
initial function wug(z) satisfies

(1.4) Uy € C([—ho,ho]), UQ(—hO) = UO(ho) =0 and uo(ﬂs) >0 in (—ho, ho),

with [—hg, ho] representing the initial population range of the species. The basic assumptions on the
kernel function J : R — R are

(J): Je CR)NL>®(R), J >0, J(0) >0, [pJ(x)dx=1,Jis even.

The nonlocal free boundary problem (1.3) may be viewed as describing the spreading of a new or
invasive species with population density u(t, x), whose population range [g(t), h(t)] expands according

IThe case f(u) = 0 was considered in [13], where the long-time dynamics are completely different from the Fisher-
KPP case in [11].

2Therefore Jo J (@ — y)u(t,y)dy = fh(( ) J(z — y)ult,y)dy.
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to the free boundary conditions

. h(t) p+oo
R'(t) = / / J(x —y)u(t,z)dydz,
g(t) Jh(t)

“/gz /goo (z — y)u(t, z)dydz,
(t

that is, the expanding rate of the range [g(t) h(t)] is proportional to the outward flux of the population
across the boundary of the range (see [11] for further explanations and justification).

One advantage of the nonlocal problem (1.3) over the local problem (1.1) is that the nonlocal
diffusion term

d/R J(x —y)u(t,y)dy — du(t, )

n (1.3) is capable to include spatial dispersal strategies of the species beyond random diffusion
modelled by the term du,, in (1.1). Here J(z — y) may be interpreted as the probability that an
individual of the species moves from x to ¥ in a time unit.

If f is a Fisher-KPP function, namely it satisfies

(£): {f €Ct, f>0=f(0) = f(1) in (0,1), f(0) > 0> f'(1),
) f(u)/u is nonincreasing in u > 0,
then the long-time dynamical behaviour of (1.3), similar to that of (1.1), is determined by a
“spreading-vanishing dichotomy” (see Theorem 1.2 in [11]): As t — oo, either
(i) Spreading: lim;_,4o0(g(t), h(t)) = R and lim¢—, 4o u(t, ) = 1 locally uniformly in R, or
(ii) Vanishing: lim;_, o0 (g(t), h(t)) = (goo, hoo) is a finite interval and limy—, oo u(t, z) = 0
uniformly for = € [g(t), h(t)].

Criteria for spreading and vanishing are also obtained in [11]; see Theorem 1.3 there. In particular,
if the size of the initial population range 2hg is larger than a certain critical number, then spreading
always happens.

1.1. Threshold condition, spreading speed, and accelerated spreading. When spreading
happens, the question of spreading speed was considered in [17]. In sharp contrast to the corre-
sponding local diffusion problem (1.1), it was shown in [17] that (1.3) may spread super linearly in
time (a phenomenon known as accelerated spreading), depending on whether the following threshold
condition is satisfied by the kernel function J,

(J1): /000 zJ(x)dr < 4o0.

More precisely, we have

Theorem A ([17]). Suppose that (J) and (f) are satisfied, and spreading happens to the unique
solution (u, g, h) of (1.3). Then

lim @ = — lim

t—oo t t—oo ¢t

g(t)  f[co € (0,00) if (J1) holds,
oo if (J1) does not hold.

As usual, when (J1) holds, we call ¢ the spreading speed of (1.3), which is determined by the

semi-wave solutions to (1.3). These are pairs (c,¢) € (0,+00) x C*((—00,0]) determined by the
following two equations:

0
ws) d [ = oty - dofa) + 8 () + (6(@) =0, o0 < <0,

and

(1.6) c= / /+°O (z — y)o(z)dyda.

If (¢, ¢) solves (1.5), then we call ¢ a semi-wave with speed ¢, since the function v(¢, ) := ¢(x —ct)
satisfies

v = / J(x — ,y)dy — dv(t,z) + f(v(t,x)), t>0, z <ct,
v(t, — (t ct) 0, t>0.
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However, only the semi-wave satisfying (1.6) meets the free boundary condition along the moving
front x = ct, and hence useful for determining the long-time dynamical behaviour of (1.3).
The spreading speed ¢ is given by the following result:

Theorem B ([17]). Suppose that (J) and (f) are satisfied. Then (1.5)-(1.6) has a solution pair
(¢, ) = (co, ) € (0,4+00) x C((—o0,0]) with ¢°(z) nonincreasing in z if and only if (J1) holds.
Moreover, when (J1) holds, there exists a unique such solution pair, and (¢%)’(z) < 0 in (—o0,0].

It was also proved in [17] (see Theorem 5.3 there) that as p1 — oo, the limiting problem of (1.3) is
the following nonlocal version of (1.2):

up = d/ J(x —y)u(t,y)dy — du(t,z) + f(u), t>0, x € R,

(L7) g
u(0, ) = up(z), z €R.

Problem (1.7) and its many variations have been extensively studied in the literature; see, for example,
[1,3-5,7,12,14,15,23,24,26,31,32, 35, 38,40,43] and the references therein. In particular, if (J) and
(f) are satisfied, and if the nonnegative initial function ug has non-empty compact support, then the
basic long-time dynamical behaviour of (1.7) is given by

lim u(t,z) =1 locally uniformly for z € R.

t—o0
Similar to (1.2), the nonlocal Cauchy problem (1.7) does not give a finite population range when
t > 0. To understand the spreading behaviour of (1.7), one examines the level set

E\(t) :={z € R:u(t,x) = A} with fixed X € (0,1),

by considering the large time behaviour of

zi(t) :==sup E\(t) and x, (t) =inf E)(t).
Ast — oo, ]xf(t)] may go to oo linearly in ¢ or super-linearly in ¢, depending on whether the following
threshold condition is satisfied by the kernel function, apart from (J),

(J2): There exists A > 0 such that / J(z)eMdr < oo.
R

Yagisita [43] has proved the following result on traveling wave solutions to (1.7):

Theorem C ([43]). Suppose that f satisfies (f) and J satisfies (J). If additionally J satisfies (J2),
then there is a constant ¢, > 0 such that (1.7) has a traveling wave solution with speed c if and only
if ¢ > ¢,.

Condition (J2) is often called a “thin tail” condition for J. When f satisfies (f), and J satisfies
(J) and (J2), it is well known (see, for example, [23,41]) that

i )

t—o00 t

(1.8)

= Cx,

with ¢, given by Theorem C. On the other hand, if (f) and (J) hold but (J2) is not satisfied, then
it follows from Theorem 6.4 of [41] that |y (t)| grows faster than any linear function of ¢ as t — oo,
namely, accelerated spreading happens:

+
@]
t—o00 t
See also [1,7,8,10,22,24,26,30,39,42] and references therein for further progress on accelerated
spreading for (1.7) and related problems.
It is easily seen that (J2) implies (J1), but the reverse is not true; for example, J(x) = C(1+x2)~
with o > 1 satisfies (J1) (for some suitable C' > 0) but not (J2).
The relationship between ¢y = co(u) obtained in Theorem B and ¢, in Theorem C is given in the
following result (see Theorems 5.1 and 5.2 of [17]):

Theorem D ([17]). Suppose that (J), (J1) and (f) hold. Then c¢o(p) increases to ¢, as u — oo,
where we define ¢, = oo when (J2) does not hold.

g

For the local diffusion problem (1.1), sharp estimate for the spreading profile has been obtained
in [19]: When spreading happens,

lim [h(t) — kot] = Cl, tli)I&[g(t) + kot] = CQ

t—o00
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for some C1,Cy € R depending on ug. Moreover, the solution u(t,z) exhibits the corresponding
semi-wave profile as t — oo. This is strikingly different from the situation of (1.2), where a well
known logarithmic delay happens [6], namely

- . — — / 3d
m(t) :=sup{zx € R: U(t,z) =1/2} =2,/f'(0)d WAL Int+Cp+o(l) ast — oo
for some Cy € R depending on the initial function Uy. We refer to [27-29, 34,36, 37] for further
advances in research of that direction.

In this paper, we aim to obtain sharp estimates for (1.3) in a similar spirit. It turns out that when
(J1) holds and so a finite spreading speed ¢ exists for (1.3), the functions h(t) — cot and g(t) + cot
need not be bounded as t — oco. For some rather general classes of J, we will find the exact rate of
growth for h(t) — cot and ¢(t) + cot when (J1) holds, and determine the exact rate of growth of h(t)
and ¢(t) when (J1) does not hold.

1.2. Description of the main results. We now describe our main results precisely. For o > 1, we
introduce the condition

(J): /Oooxa_lj(:c)dx < 0.

Let us note that (J2) is equivalent to (J1), and if (J2) holds, then (J%) is satisfied for all o > 1.

Theorem 1.1. In Theorem A, suppose additionally (J*) holds for some o > 3, and f'(v) is locally
Lipschitz in [0,00). Then there exists C > 0 such that fort > 1,

[h(t) = cot| + [g(t) + cot| < C,
¢ (x —cot + C) + o(1) < u(t,z) < ¢ (x — cot — C) + o(1) for x € [0, h(t)],
§ (=2 + ot + C) + o(1) < ult,2) < ¢(—z + cot — C) +o(1) for z € [g(£),0),
where (co, ¢°°) is the unique semi-wave pair in Theorem B, and o(1) — 0 uniformly as t — oo.

Further estimates on g(¢) and h(t) can be obtained for more specific classes of kernel functions.
We will write

n(t) ~&(t) if C1&(t) < n(t) < Ca€(t)

for some positive constants C7; < Cy and all ¢ in the concerned range.
Our next two theorems are about kernel functions satisfying, for some v > 0,

(I7): J(x) ~ x| for |z > 1.

Note that for kernel functions satisfying (J7), condition (J) is satisfied only if v > 1, and (J1) is
satisfied only if v > 2. Thus accelerated spreading can happen exactly when v € (1,2]. We have the
following result on the exact growth rate of h(t) and g(¢) in this case:

Theorem 1.2. In Theorem A, if additionally the kernel function satisfies (J7) for some v € (1,2],
then fort > 1,

tint if y=2,

For kernel functions satisfying (j“f), clearly (J%) holds if 0 < a < 7. Therefore when v > 3
the conclusions in Theorem 1.1 hold. The following theorem is concerned with the remaining case
v € (2, 3], which indicates that the result in Theorem 1.1 is sharp.

Theorem 1.3. In Theorem A, suppose additionally the kernel function satisfies (37) for some v €
(2,3], f(v) is locally Lipschitz in [0,00) and
(1.9) [f(v)/v] <0 for v>0.

Then fort > 1,

Int if - 37
cot +g(t), cot — h(t) ~ {tB—v if z €(2,3).

Note that (f) implies [f(v)/v]’ <0 for v > 0, and (1.9) is satisfied, for example, by f(v) = av—bvP
with a,b >0 and p > 1.

The proofs of Theorems 1.1 and 1.3 rely on some of the following estimates on the semi-wave
solutions of (1.5), which are of independent interests.
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Theorem 1.4. Suppose that f satisfies (f) and the kernel function satisfies (J), and ¢(z) is a
monotone solution of (1.5) for some ¢ > 0. Then the following conclusions hold:

(i) If (J*) holds for some o > 1, then

-1
/ [1— ¢(z)]]z|* ?dz < 0,

which implies, by the monotonicity of ¢(x),
0<1—¢(x)<Clz|'~ for some C >0 and all z < 0.
(i) If (J) does not hold for some a > 1, then

-1
/ [1—¢(z)]]z|* ?dz = .

—0o0
The conditions on f and ¢ in Theorem 1.4 can be considerably relaxed; see Section 2 for details.

Remark 1.5. This paper seems the first to establish estimates of the type in Theorems 1.1 and 1.3
for monlocal diffusion problems, with or without free boundary.

Remark 1.6. The proofs of Theorems 1.1, 1.2 and 1.3 are based on subtle constructions of upper and
lower solutions. These constructions rely on firstly guessing correctly the order of growth of the term
to be estimated, which is perhaps the most difficult part of this research. The techniques developed
here lay the ground for extensions to more general situations.

1.3. Organisation of the paper. The rest of the paper is organised as follows. In Section 2, we
prove Theorem 1.4, where subtle analysis is used to find out the relationship between the behaviour of
the semi-wave solution and that of the kernel function. Theorem 1.1 is proved in Section 3, through
careful constructions of upper and lower solutions, based on the estimate obtained in Section 2.
Section 4 is devoted to the proof of Theorem 1.3, where we completely determine the growth rate of
cot — h(t) when J(z) ~ |z|~7 with v in the range (2, 3]; note that the case v > 3 is already covered
by the more general Theorem 1.1. In Section 5, we prove Theorem 1.2 by giving the exact growth
rate of h(t) when J(z) ~ |z|~7 with v € (1, 2].

2. PROOF OF THEOREM 1.4

The purpose of this section is to prove the following two theorems, which imply Theorem 1.4. For
possible applications elsewhere, we prove the results under much less restrictions on ¢ and f. We
assume that f is C* and f(1) =0 > f/(1), and ¢ satisfies, for some ¢ > 0,

0
(2.1) d/_ J(z = y)o(y)dy — do(x) + cd'(z) + f(¢(x)) =0, ¢(x) € [0,1], —o0o <z <0,
d(—0) =1, ¢(x) <0 for z < —1.

Theorem 2.1. Suppose that the kernel function satisfies (J) and (J) for some a > 1, f is C* with
(1) =0> f'(1). If () satisfies (2.1) for some ¢ > 0, then

/ 1 g(@)faf*2de < oo,
—o0
and therefore, by the monotonicity of ¢p(x) near —oo,
0<1—¢(x)<Clz|'~ for some C >0 and all x < —1.
The next result shows that Theorem 2.1 is sharp.

Theorem 2.2. Suppose that f is C* with f(1) =0 > f'(1) and the kernel function satisfies (J). If
(J¥) is not satisfied for some o > 1, and ¢(x) satisfies (2.1) for some ¢ > 0, then

-1
(2.2) / [1— ¢(x)]|z|* %dz = .

—00

The following three lemmas play a crucial role in the proof of Theorem 2.1.
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Lemma 2.3. Suppose that J(x) satisfies (J) and (J*) for some a > 2, and ¢ € L'((—o0,0]) is
nonnegative and continuous in (—oo,0]. If ¢ is nondecreasing near —oo, and satisfies

0
(2.3) / 2P~ Yy (x)dx < 0o for some > 1,
then for any o € (0,min{B, o — 1}], there exists C > 0 such that

I =1y ::/ |z|” [/ J(x — )dy—l/)(a:)] dz € [-C,C] for all M > 0.

Proof. For fixed M > 0 we have

/ / |7 J(x —y dydx—/ / (y — z)dydx

=[] st - [ / (4 — 2)dyds

:/_(; /{)anj(y)w(y—x)dxdy—i—/o /y 2% J(y)(y — )dzdy
/

M M—y
(& + )7 T (9) i ~)dady + /0 /0 (& + )7 T (4) i ~)dady,

and

/jw‘xm(x)dw = /R/OM 2 J(y)y(—x)dady.

Therefore we can write

with
0 M—
D= [ [ e - I -a)dsdy
],

" / ’ / " et ) — 27 =)y
I = / /M v 2)dwdy — / / —x)dady,
/ /M ) v)drdy — / / —)dzdy.

To estimate I; we will make use of some elementary inequalities. If s,¢ > 0 and o € (0, 1], then it
is easily checked that

(2.4) (s+1)7 —s7 <t
If o =n+ 60 with n > 1 an integer, and 0 € (0, 1], then by the mean value theorem
(s+1t) —s° = a(s + ) <ot(s+1)7 =ots” L+ ot [(s+ M s”_l]

< Z [H’“_g )tEso- ’“} + I3 (0 — )t [(59 + ) - 39}
Z[Hkl _]tkak:|+H ( — j)nto

= Z thksgik + cp1t?
k=1

where ¢ € [0,1], and ¢, = ¢x(0) >0 for k € {1,...,n+ 1}.
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Applying this inequality to (x +y)? — 27 with x +y > 0 and = > 0, we obtain, for the case o > 1,

n
(@ +y)7 =27 <> enlylF2"F + cnpalyl”
k=1

with 0 —n =0 € (0,1] and n > 1 an integer, ¢ = cx(0) > 0 for k € {1,....,n + 1}.
Therefore, in the case o > 1,
n

0 M-y
L] < / / [Z cxlyl Pz " +Cn+1|y’U] J(y)(—z)dzdy
ooy

k=1

M M-y [ 7
+ / / > anlylf27F + cnpalyl?
0 0

k=1

J(y)¢(—x)dzdy

<2n Oo“*’f—dookjd 2, oo—doo"Jd
< g;%A . w:wa y<wy+(uHA wswa ¥ I () dy
1.

Since 1 < k < n < o < min{f,« — 1}, by the assumptions on J and ¢ we see that C; is a finite
number.
If o € (0,1], then

0 M— M M—
e ymwwwv@mw+é A 1ol T (i) dedy
],

< 2/0 ¢(—x)d:c/o Yo J(y)dy == C1 < oco.

Since ¥ (x) > 0 is continuous in x < 0 and nondecreasing near —oo, from (2.3) we easily deduce

M
Y(—x) < % for some M; > 0 and all z > 0.
x

Due to (J%) (a > 2), we have
/0 yJ (y)dy < oo.

0 M—y 0 —y
|m$/‘/‘ Mu@mw+/ / My (y)dedy
—oo0 J M —o0 J 0

= 2M1/ yJ (y)dy == Cy < 0,
0

Therefore

and
M [e'e)
UMS/J%W@@+/.MMﬂww
0 M

< Ml/ yJ (y)dy := C3 < oo.
0

We thus have ~
[I| <C1+Ci1 4+ Co+ C5:=C < oo for all M > 0.

The proof is complete. O

Lemma 2.4. Suppose that J(x) satisfies (J) and (J) for some o € (1,2). Let ¢ be nonnegative,
continuous in (—oo, 0], and be nondecreasing near —oo. Then there exists C' > 0 such that

0 0
S=8y:= /M || {/ J(x —y)(y)dy —Y(x)| de < C for all M > 0.

—00

Proof. As in the proof of Lemma 2.3, we deduce for fixed M > 0 and o > —1,

/_OM /_io j[7J (x = y)u(y)dyde
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:/_(; /_]:_y(:v +4)°J(y)p(—x)dxdy + /oM /OM_y(l, )7 T () (=) dady.

and
0 M
/_ lafla)ds = /R /0 1217 T ()b () ddy.
Hence
3
-3
with .

0 M—
= y "l +v)7 - %) J(yb(—a)dzdy

M M—y
t / / [(x +y)” — 2] J(y)Y(—x)dzdy,

b= / /M 2)dady — / / —z)dady,
/ /M y 2)dady — / / —z)dzdy.

Take 0 = o« — 2. It is clear that I3 < 0. For I1, since o < 0,
(r+y)? —2° <0 whenz >0 and y >0,
and hence, by (J*) and o +1=a—1¢€ (0,1),

0 M—y
b [ @ - el s-oydndy

0 M-y
<1 / / (& +9)° — 2°) J(y)daxdy

0
ke [7 a1 - (01 7 4 ()
0 00
Mol [ o =1 [T ey - o< .

Moreover, by (J¢), c + 1 =a —1¢€ (0,1) and (2.4),

I < / /M ! —z)dady < WHoo/ /M_ y)dady

H@Z)HOO / o o+1 o+1
e (M —y)7" = M7 ]J(y)dy
H¢H<>0 / o+1 A

A Y’ J(y)dy = Cy < 0.

Therefore,
S<Ci+Cy:=C <ooforall M >D0.
The proof is complete.

Let ¢(x) be a solution of (2.1) with some ¢ > 0, and define

¥(z) =1- (), g(u) == —f(1 —u).
Then v satisfies

(2.5) 0=d /Ja:— y)dy — dy(x —|—d/J:c— y)dy + ey’ (z) + g(¢(x)) for z <0,
—0) =0, ¢'(z) >0 forzr <« —1.
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Since ¢'(0) = f'(1) < 0, there exist € > 0 sufficiently small and some b > 0 such that
g(u) < —bu for u € [0, €.
As p(—o0) =0 and ¢(x) > 0 for x < 0, we thus have 0 < ¢)(x) < € for x < —1, and so
(2.6) g((x)) < —bp(x) for v < —1.
Lemma 2.5. Suppose (J) is satisfied, f is C' with f(1) =0 > f'(1). If (J*) holds for some o > 2,

then the above defined v satisfies
/0 Y(x)der < co.
Proof. A simple calculation gives
/O J(z —w)(w)dw — (= / J(z—w w:—/o J(z —w)p(w)dw + ¢(z).

Integrating the equation satisfied by ¢ over the interval (x,y) with < y < —1, and making use of
(2.6), we obtain

dww—wm»+q[ﬂ[LJ@—wwwmm—wQMz+AmJ@—wmﬁdz

—»jﬁyg<¢«z>>dz > bj£y¢wz>dz

We extend ¢ to a C' function ¢ over R satisfying ¢(z) = 0 for z > 1 and |¢(z)| < 2|¢|le for
z € [0,1]. Then, due to (J¥), we have,

/xy < /_ OOO J(z = w)(w)dw — qﬁ(z)> dz
:‘/y</ J(z = w)d(w)dw - (2 )dz// (z — w)p(w)dwdz

t// (2 +w) — 6(2))dwdz| + 2/|¢ oo

w(;S z + sw)dsdwdz

IN

+2[|9ll

Léwj<>A[wy+mm—é@+xwmum4+awun

sm@&/wuww+wwm:M<m.

Thus, for z < y < —

/w Jdz < c((y) — () + dM < cl|]loo + dDM,

0
which implies / P(z)dz < 0. O
—0o0

Proof of Theorem 2.1: Case 1. o > 2.
We want to show

0
/ Y(z)|z|*2dz < oo.

—0o0

/_(; Y(x)dr < oo.

So there is nothing to prove if a = 2, and we only need to consider the case a > 2.
Suppose o« > 2 and

By Lemma 2.5 we have

0
(2.7) / |z| ") (2z)dx < oo for some y > 1.
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Then by Lemma 2.3, for any 3 satisfying 0 < 8 < min{vy, a — 1},

0 0
(2.8) / [/ J(x —y)v(y)dy — ¢(m)} |z|Pdz < C for some C' > 0 and all M > 0.

—M —00
Moreover, if we fix My > 1 so that (2.6) holds for x < —Mj, then for M > Mj and ( as above, we

have
o [ vl s [ e
¢ /MO @l a [ v [/ = ooy - v(o)] e da

My
—|—d/ / 2| J(z — y)dydz.

a/ o [ / " e o)y - w@:)] 2l do

M —00

By (2.8),

0 0
< dC — d/_MO [/_Oo J(z — y)y(y)dy — ww} |7 d
= (1 < oo for all M > M.

Moreover, if we assume additionally that 8 < a — 2, then we have

— My 00
/ / 2| J(z — y)dydz
-M Jo
M poo
< / / xﬁ J(z +y)dydx —/ / y)dydx
_ B+1 _
/ / y)dydx = o 1/0 J(y)dy := Cy < 0.

Therefore, for § € (0, min{vy, « — 2}] and M > My,

— My —Mp
b/ Y(z)|z|Pdr < c/ Y (z)|z|Pde + C1 + dCs
—-M -M
M M
< c/ 2P (—x)dx + C3 < C/ 27 (—x)dx + Cs
1 1

M
<cp(-1)+ c/ v’ hp(—x)dx + C3 := Cy < o0 by (2.7).
1

It follows that
0 ~
(2.9) / Y(x)|z|Pdr < co.

Thus we have proved that (2.7) implies (2.9) for any 5 € (0, min{y, a — 2}].

If we write « —2 = n+6 with n > 0 an integer and 6 € (0, 1]. Then by the above conclusion and an
induction argument we see that (2.9) holds with § = n. Thus (2.7) holds for v = n + 1. So applying
the above conclusion once more we see that (2.9) holds for every § € (0, min{n+1,a—2}] = (0, a—2],
as desired.

Case 2. a € (1,2).

Let 8 = a —2. Asin Case 1, for M > My,

— My
B
b / @)

<of “w @)t d /. v [ / J(z — y)e(y)dy — () | |20 d

o0

My
—|—d/ / 2P J(z — y)dydz
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— My . — My [e’s)
< c/ V' (z)|zPdx + Cy +d/ / 2P J(z — y)dydz,
-M -M 0

where C; > 0 is obtained by making use of Lemma 2.4. By (J*) and S+ 1=a —1,

My
/ / lz|PJ(z — ) dyda:</ / y)dydz

/ Y LI (y)dy := Cy < 0.

a—l

Due to 8 < 0, we have
—Mp M
[ @ae= [ vt
—-M My

M
= p(—=Mo)MP — p(—=M)MP + 8 Y(—x)z?tdx
My

< ¢( ) 0 = 03 < Q0.
Hence
b/ W(@)|elde < Gy + Cod + Cy < o
—-M

for all M > My, which implies

—1
/ Y(2)|z]* 2da < oo.

The proof is completed.
Proof of Theorem 2.2: We have

lg(¥(x))| < Lip(z) for some L > 0 and all z < 0.
Now for M > My > 1 and 8 = a — 2,

— My — M,
L[ To@lefdez - [ 7 gwelePds
-M -M
7M0 MO
o Tw@Padf T / I - )y — ()| |2 dz
Mo
—|—d/ / 2P J(z — y)dydz
My
> —d/ e )|:c|ﬁdx+d/ / 22T (@ — y)dydz
-M
Therefore, with L:=1L + d, we have
M() MO
L/ (z)|z|Pde > d/ / 2P J(z — y)dydz = d / / y)dydx
_ My
= / / / / ﬁJ Ydyda:
Mo J My Mo J My

M
B+1 B+1 B+1 _ arB+1
. [/MO (MPT0 = My™)J(y )dy+/M0 (y M) J(y)dy

&+

M oo
ﬁT [/ YT (y)dy — Mg“/ J(y)dy} — 00 as M — oo,
My

since 4+ 1 = a — 1. Therefore (2.2) holds, as we wanted.
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3. PROOF OF THEOREM 1.1

Let us first observe that it suffices to estimate h(t) — cot, since that for g(t) + cot follows by a simple
change of the initial function: (@(t, ), §(t), h(t)) := (u(t, —z), —h(t), —g(t)) is the unique solution of
(1.3) with initial function g(x) := uo(—x).

Theorem 1.1 will follow easily from the following two lemmas and their proofs, where more general
and stronger conclusions are proved.

Lemma 3.1. In Theorem A, if additionally (J*) holds for some o > 2, and f’ is locally Lipschitz in
[0,00), then there exists C > 0 such that fort >0,

Dy

t o0
1+ / (1+z)"%dx + / i 22 J (x)dx + t/ iL'J(l‘)d.%'] ,
0 0 Q¢

where cg > 0 is given in Theorem B.

h(t) — Cot Z —C

Proof. Let (cg, ) be the unique semi-wave pair in Theorem B. To simplify notations we will write
¢ (x) = ¢(z). By (J¥) (v > 2) and Theorem 2.1 there is C' > 0 such that

o0 _ C
(3.1) /0 Jy)y*ldy < C, 0<1—¢(x) < o for = <0.

Define
{ h(t) :==cot +6(t), t>0,
u(t,z) == (1 —€(t)[p(x — A(t)) + ¢(—z — h(t)) — 1], t >0,z € [-h(t),h(t)],
where €(t) := (t +60)17* and

-0 (r+0)
o(t) =K1 — KQ/ T)dT — 2u/ / / J(x — y)dydzdr,

with 6, K7 and K5 large positive constants to be determined.

For any M > 0,
/ / (x — y)dydx —/ / y)dydx
/ / y)dady = /M (y = M)J(y)dy < /M yJ (y)dy.

Hence, due to / yJ (y)dy < oo (because o > 2), we have
0

t —2(r46) poo -0
2,u/ / / J(x — y)dydxdr < 2@/ / / (r — y)dydadr
0 J—o0 0

< [mﬂoayJ( )dy] t<

2

provided that 6 > 0 is large enough, say 6 > 6.
For any given small ey > 0, due to ¢(—o00) = 1 there is Ky = Ko(ep) > 0 such that

1 —¢€ < ¢(x) for z < — K,
which implies that

(3.2) ¢(x — h(t), p(—z — h(t)) € [1 — €0, 1] for x € [—h(t) + Ko, h(t) — Ko,
where we have assumed h(0) = K7 > K.
Clearly

t
K2/ (7 4+ 0)1%dr < Kp0' 7 < %Ot
0

provided 6 > (4Ks/cy)*/ (=1, Therefore
(3.3) h(t) > %Ot YK > 62—0(25 +6) > Ky for all t > 0 provided that

(34) K1 Z 6509 and 0 Z max {(4K2/Co)1/(a_1),90,2K0/Co} .
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Define
€1 = xe[i—nlgo,o} |¢'(z)] > 0.
Then
55 (plo-bo)sa sl - Koho)
) ¢ (—x —h(t) < —e for x € [—h(t), —h(t) + Ko).

Claim 1: For suitably chosen 6, K, K5, we have

h(t) oo
(3.6) W(t) < u/ / J(x—yu(t,z)dy, t>0
—h(t) Jh(t)

and
h(t)  p—h(t)
() > —p / | @ty >0
)

hft
Due to u(t,x) = u(t,—x) and J(x) = J(—=z), we just need to verify (3.6). We calculate

/ o / (@ — y)u(t, z)dydz

=(1—e€(t /2h / (x — x)dydx

(1 ) / » / J(z — y)[é(— — 24(t)) — 1)dyda
=(1—€(t))co — (1 —e(t /2h / (x — y)o(z)dydz

— (1 - e(t)u / » /0 J(x — )L — S~z — 2h(t))]dydz.
From (3.3), for ¢ > 0,

2h(t)
(1 —e(t / / (x — x)dydx

0
(1— et / / (= )1 — b(—z — 2h(t))]dydz

—h(t — %0 (t+6)
< 2;1/ / J(x —y)dydx < 2,u/ / J(x —y)dydz.
—00 0 —0o0 0

And by (3.1), we have, for ¢t > 0,

i, [
<pll — 6(—h(1))] / » /0 J(z - y)dyds
r

(x —y)[1 — ¢(—x — 2h(t))]dydx

0
J(x — y)dydzx

J

02 KQ — Cp
—— < <
Mt J, YW S m e G et S g gyt
if
02
. Ko > —_— .

Hence, when 0, K1 and K are chosen such that (3.4) and (3.7) hold, then

h(t) oo
p[ [ I =t adyds
—h(t) Jh(t)
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-0 @+0) poo Ko —
> (1 —e(t))eo — 2N/_ /O J(z — y)¢(x)dydz — #

—D(t+6) poo
= co — Kae(t) — 2,u/_ / J(x — y)p(x)dydz

00 0

=K' (t) forallt>0,

which finishes the proof of (3.6).

Claim 2: With 0, K;, K5 chosen such that (3.4) and (3.7) hold, and K3 suitably further enlarged
(see (3.8) below), Oy > 1 and 0 < ¢y < 1, we have, for all ¢ > 0 and = € (—h(t), h(t)),

h(t)
wltia) <d [ (o= g)u(t)dy - dult.o) + fu(t, ).
—h(t)
A simple calculation gives
u; = — € (t)[¢(z — A(t)) + o(—z — h(t)) — 1]
= (L= e )] (x — b)) + ¢'(—z — h(1))]
=(a = 1)(t +0)"[¢(x — h(t)) + ¢(—z — h(t)) — 1]

— (L —e(t))[co + &' (O)][¢'(x — h(t) + ¢'(—z — h(t))],

and using the equation satisfied by ¢ we deduce

— (1 - €(t)) w% h(t)) + ¢/ (—z — h(1))]
1_ep/’ — h(t))dy — dé(x — h(t))

/’ J(—a — y)o(—y - M)My—wkw—hwﬂ
—h(t)
+a—dwﬂﬂax—mw»+fwvm—mwﬂ

h(t)
—d [/_h(t) J(x —y)u(t,y)dy — u(t, 1‘)]

—h(t)
+u—dwﬂ¢[ J(z =)oy — h(t)) — 1)dy

+d J@w—yw«w—huwm—lmﬂ
h(t)

+u—dwﬂﬂwx—mw»+fwvm—mwﬂ

A(t)
<d [ /_ " J(z — y)u(t,y)dy — u(t, x)]

+U—dﬂﬂﬂdw—MﬂD+fwbw—hmD}

Hence "
w<d [ - pultoddy - ult.o) + futa) + Aite) + As(eo),
—h(t)
where
Ai(t,z) == (= 1)t +0)"[o(z — h(t)) + ¢(—2z — h(t)) — 1],
As(t,x) = — (1 = €(1))0' (1) [¢'(x — h(t)) + ¢ (—a — h(t))]
+ (1 =€) [f(o(z — A1) + flo(—z — h(t)))] — f(ult, 2)).
To finish the proof of Claim 2, it remains to check that
Aji(t,x) + Ao(t,x) <0 for t >0, x € (—h(t),h(t)).



16 Y. DU, W. NI

We next prove this inequality for x in the following three intervals, separately:
I1(t) := [h(t) — Ko, b(1)], Ix(t) := [=h(t), —h(t) + Ko], I3(t) := [=h(t) + Ko, h(t) — Ko].
For x € I(t), by (3.1),

02 o~ = h(t) ~ 1 2 6(Kp ~ 24(t) ~ 1 2 G(-h(t) ~ 1 > o
Then by (f),
F(é(—x — () = f(d(~z — h(1))) - F(1) < Lh(tf
and

Fult, 2)) >(1 - e(t))f(<z><z () + Sz — h(t)) — 1)

>(1—e®)[f(¢(x = h(t)) = L
Thus from the definition of 4(¢), (3.3) and (3.5), we deduce

Ag(t, ) <(1— e(t)) [5’<t>[¢’<x () + ¢~ — hO)] + F((x — h(t)))
T F(6(—x — h(1))) — f(¢(x () + ¢~z — h(t)) — 1)]

<(1 =) [0 + 2055 < 1= el [t 01+
<(1—e@®)(t+0)'[ — Kaer + 2LC(2/co)*].

Moreover,
Ai(t,z) <(a—=1)t+0)"* <21 —€(t))(a—1)(t+6)"¢
where by enlarging 6y we have assumed that () < 63~ < 1/2. Hence

At ) + Ao(t,z) < (1— e)(t + )1~ a[ Kaer +200(2/c0)* ! + 2(a — 1)951] <0
if additionally
(3.8) Ky > et [QLC(Q/CO)C“_l +2(a— 1)951]

This proves the desired inequality for z € I(¢).

Since A;(t,x) + Aa(t, x) is even in x, the desired inequality is also valid for x € I3(t) = —I;1(t). It
remains to prove the desired inequality for x € I3(t).

The case x € I3(t) requires some preparations. Define, for 0 < e < 1,

g(u,v) =1 =[f(u) + f(W)] = f(1=€)(utv—-1)), uveR.
For u,v € [0, 1], we may apply the mean value theorem to the function
&) =gl 4+tlu—1),1+t(v—-1))

to obtain

£(1) = £(0) +€'(¢) for some ¢ € [0,1].

a:=14+¢(u—-1), 0:=1+¢(v—1).
Then the above identity is equivalent to

Denote

g(u,v) 29(171)+8ug(a 7))( ) 8vg(~76)(v_1)
=—fl-a+A-ef(@)(u—1)+1—-e)f(0)(v-1)
—1-ef (QA—e(a+v—-1))(u—1)

—(l-of(1-e(a+v-1))(v—1).
Let us note that @ € [u, 1] and v € [v,1]. Since f’ is locally Lipschitz, there is Cy such that
|f'(u) = f'(v)] < Cilu—v| for w,ve[0,1].
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It follows that
I-of(@u-1)-1-ef (1-e(a+v-1))(u—-1)

a-alr@-r-aoa+o-)|w-1
<(1—¢€)b1(1 —u),

where
by = Cilii— (1= )i+ —1)|

=Cylen — (1 —€)(0 —1)]

< Ci(e+1-0).
Similarly,

I=af@w-1)-10-af (1-e(a+v-1))(v-1)
< (1=e)ba(1 —v),
where
by:=Cilet — (1 —¢€)(u—1)| < Ci(e+1—u).

Thus

9(u,v) (I—€)+ 1 =e)bi(l —u)+ (1 —€e)ba(l —v)

f
fA—e)+Cile+1—-v)(1—u)+Ci(e+1—u)(l—0)
elff(1)+o0(1)+Ci(1 —u+1—v)| +2C1(1 —u)(l—v),

< -
< -

where o(1) — 0 as e — 0.
For our discussions below, it is convenient to introduce the notations

p(t,x) :=1—¢(x — h(t), q(t,z):=1—¢(—z— h(t)).
Then by (3.2) we have
(3.9) p(t, ), q(t,z) € [0,€p] for z € I3(t),t > 0.
Moreover, since min{z — h(t),—x — h(t)} < —h(t) always holds, by (3.1) and (3.3), if we denote
Co := C(cp/2) =7, then
(3.10) plt,2)g(t, ) < o0
h(t)-t

Now due to ¢'(t) < 0 and ¢’ < 0, we have, by (3.9) and (3.10),
As(t,x) < g(1—p,1—q)
€(t) [f,(l) +o(1) +Ci(p+ q)] +2C1pq

e(t) [f’(1) Fo(1) + 0360} for z € I5(t), t > 0,

< Cgeoe(t) for x € Ig(t), t > 0.

IN

IN

with C5 := 2(C1 + 01C2). Since
Ay(tw) < (0= 1)(E+60) < (a— 163 e()
and f'(1) < 0, we thus obtain
A+ Ay < e(t) (f’(l) + [0(1) + Cyeo + (o — 1)90—1}) <0 forxzeI(t), t>0

provided that 6y is sufficiently large and ¢ is sufficiently small. The proof of Claim 2 is now complete.

Claim 3: There exists ty > 0 such that

(3.11) { g(t +to) < —h(t), h(t+ty) > h(t) for t >0,
u(t +to,x) > u(t,x) for t > 0, = € [—h(t), h(t)].
It is clear that
u(t, £h(t)) = (1 —e(t))[o(—2h(t)) — 1] <0 for ¢ > 0.
Since spreading happens for (u, g, h), there exists a large constant ty > 0 such that

g(to) < —Kl = —Q(O) and Q(O) = Kl < h(to),
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u(to,z) > (1 —07%) > wu(0,z) for z € [—h(0),R(0)].

which, together with the inequalities proved in Claims 1 and 2, allows us to apply the comparison
principle in [11] to conclude that (3.11) is valid.

Claim 4: There exists C' > 0 such that
C0¢ [e%e]

—|—/Ot(1—|-$)1_adx+/02 mgj(:c)dm—i—t/%tffj(ﬂﬁ)dx] .

2

/Ot e(7)dr = /Ot(a: +0)dy < /Ot(a; +1)-odg.

By changing order of integrations we have

/ /_(T+6 / J(x —y)dydadr < /Ot /_;OLQOT /000 J(x — y)dydadr
=/ / y— *T J(y)dydr < /Ot /:i yJ (y)dydr

= 5 v J(y )dy+t/ yJ (y)dy.
Czot

() > —C |1

Clearly

0
The desired inequality now follows directly from the definition of §(t). O
Next we prove an upper bound for h(t) — cot. Let us note that we do not need the condition (J%)
in the following result.

Lemma 3.2. Under the assumptions of Theorem A, if (J1) holds, and additionally f" is locally
Lipschitz in [0,00), then there exits C > 0 such that

(3.12) h(t) —cot <C  forall t>0.

Proof. As in the proof of Lemma 3.1, (¢g, ¢°°) denotes the unique semi-wave pair in Theorem B, and

to simplify notations we write ¢ (z ) = ¢(x).
For fixed 8 > 1, and some large constants § > 0 and K; > 0 to be determined, define

{ B(t) = o+ 0(), 120, )
u(t,z) == (14 €(t))p(x — h(t)), t>0, z <h(t),
where €(t) := (t + 6) 77 and

5(t) :== Ky + 1_6[(t+9) B 1=,

By comparing u(t,z) with a suitable ODE solution, we see that there is a large constant ¢ty > 0
such that

1
u(t +to,x) <1+ 56(0) for t>0, x € [g(t+to), h(t + to)].

Due to ¢(—o0) = 1, we may choose sufficiently large K; > 0 such that h(0) = K; > 2h(to),
—h(0) = —K; < 2¢g(tp), and also

(313)  w(0,2) = (1 +e(0))$(—K1/2) > 1 + %E(O) > ulty,x) for = € [g(te), h(to)].
Claim 1: We have

-, R(t) +o0
h(t)z,u/( )/() J(x —y)u(t,x)dy for t > 0.
g(t+to) Jh

A direct calculation shows

+oo +<>0
/ / J(x—y txdy<u/ / J(x —y)u(t,z)dy
t—‘rto

/ /+OO (z = y)p(x)dy = (1 +e(t))eo = (1),

as desired.
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Claim 2: If § > 0 is sufficiently large, then for ¢ > 0 and x € (g(t + to), h(t)), we have

h(t)
(3.14) wlta)=d [ (- yult)dy - dut.o) + ).
9(t+to)
We calculate
Uy(t,z) = — (1 +€(t))[co + 0" (1))@ (z — (1)) + € (t)p(x — h(t))
— (L+e(t))cod' (z = h(t) = (1 + ()8 (8¢ (x — h(t)) = B(t +0) """ ¢(z — h(t))
h(t)
d/ u(t,y)dy — du(t,z) + f(u(t,x)) + A(t, x)

to+t)

with

A(t,z) =1+ () f(o(x — h(1))) — (1 + €(t))d(z — R(t)))
— (L+¢(t)8' ()¢ (x — h(t)) = B(t +6) "' ¢(x — h(t)).
To prove the claim, we need to show
A(t,z) >0 for z € [g(to + 1), h(t)] and t > 0.

Let €y, ¢; and Ky be given as in the proof of Lemma 3.1. For = € [h(t) — Ko, h(t)] and ¢t > 0, by
(3.5), we have

> — (1+€)d' ()¢ (x — h(t)) — Bt +6) " ¢(x — h(t))

= co(t+6)"7¢/(w — h(t)) — B(t+6)""""d(z — (1))
> co(t+0)Per — Bt +0)57!

> “Heober — B8] > 0,

provided 0 is large eno
We next estimate A(t

/\C

) for x € [g(t + to), h(t) — Kp]. Define, for 0 < e < 1 and u,v > 0,
g(u) == (1 +e)f(u) = fF((1 + €)u).
Then for u,v € [0, 1],
g(u) =g(1) + ¢'(@)(u — 1)
=—fA+ag+Q+of (@u—1)—(1+ef (1+eu)(u—1)
=—fO+ea+ 1+ |f (@) f((1+ea)|(u=1)
for some @ € [u, 1]. Since f’ is locally Lipschitz, there exists C; > 0 such that
|f'(w) — f'(v)| < Ci|lu—v| for u,v € |0,2].
Therefore
gw) > — F(1+6) = (1 +)eCr(l — u)
> —ef'(1) + o(e) — 2C1€(1 — u).
By (3.2) we have
(3.15) —eo < px—h(t) —1<0 for =€ [g(to+1),h(t) — Ko, t > 0.
Using (3.2), &' > 0, ¢’ <0 and e(t) = (t + 6) 77 < 677, we obtain
At z) Z(1+ e(0)) f(dx = h(1))) = F((1+ )z — h(t)) = Bt +6) " d(x — h(1))
= g(¢(a — h(t)) — Bt +6)"7 ' p(a — h(t))
> e(t)| = f'(1) +o(1) = 26C1 — 77

>0 for x€[g(to+1t),h(t) — Ko], t >0,

provided 6 is large enough and €y > 0 is small enough, since f’(1) < 0. We have now proved (3.14).
Due to the inequalities proved in Claims 1 and 2, (3.13) and

a(t,g(t +t9)) >0, u(t,h(t)) = 14+e)o(h(t) —h(t) =0 for t>0,
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we are now able to apply the comparison principle to conclude that

h(t +to) < h(t), t>0,

u(t +to,x) < u(t,z), t>0, z€lg(t+to)h(t)
The desired inequality (3.12) follows directly from §(¢) < Kj + %91_5 and h(t + tg) < h(t). The
proof is complete. O

Proof of Theorem 1.1. Since a > 3, from the definitions of h(t) and h(t) in the proofs of Lemmas 3.1
and 3.2, it is easily seen that

Co = sup [|h(t) — cot| + |h(t) — cot|] < o0.
>0

Hence for large fixed 8 > 0 and all large t, say t > tg,
[g(t), h(t)] D) [—ﬁ(t — to),ﬁ(t - to)} D) [—C(]t + C, cot — C] with C := Cy + coto,
and
u(t,x) > u(t, ) > (1 —€®)][¢°(x — cot + C) + ¢°(—z — ot + C) — 1]
for x € [—cot + C,cot — C|], where €(t) = (¢t + 0)17*. This inequality for u(¢,z) also holds for
x € [g(t), h(t)] if we assume that ¢ (z) = 0 for = > 0, since when z lies outside of [—cot + C, cot — C]

the right side is negative.
From the proof of Lemma 3.2 we see that the following analogous inequalities hold:

g(t) > —h(t —to), u(t,z) < (1+ €(t))p(—x — h(t — to))
for t > tg and x € [g(t), h(t)]. We thus have
[9(t), h(1)] C [=h(t = to), h(t — to)] C [~cot = C,cot + C1,
and
ult,) <t x) < (1 - e(t)) min {0 (@ — ot — C), 6°(—z — eot - C) }

for t > to and x € [g(t), h(t)].
Finally we note that as ¢ — oo,

¢(—x —cot £ C) — 1  uniformly in [0, c0),
¢CO r—cot£C)—1 uniformly in (—o0, 0],

and the conclusions for u(¢,z) in Theorem 1.1 thus follow directly. O

4. PROOF OF THEOREM 1.3

In this section we determine the growth rate of c¢ot — h(t) and cot + g(t) when the kernel function
satisfies, for some v € (2, 3],

(4.1) J(x) ~ |z|77 for |x| > 1.

Namely (J7) holds with y € (2,3]. As before, we will only estimate cot — h(t), since the estimate for
cot + g(t) follows by making the variable change x — —z in the initial function.

The upper bound for ¢yt — h(t) follows directly from Lemma 3.1, so we only need to obtain a
suitable lower bound. It turns out that the case f/(0) > d is more difficult to treat than the case
1/(0) < d. Therefore we will consider the case f’(0) < d first, and then handle the more difficult case
17(0) > d by adequate modifications of the proof for the first case.

4.1. The case f'(0) < d.

Lemma 4.1. Suppose that the assumptions in Theorem 1.3 are satisfied and f'(0) < d. Then there
exists 0 = o(y) > 0 such that for all large t > 0,

o357 if y € (2,3),
(4.2) cot —h(t) 2 {alnt if v = 3.

Proof. Let 8 :=~—2 € (0,1], and (cg, ¢) be the semi-wave pair in Theorem B. Define

e(t) =K (t+0)", 6(t):=Ky— K3 /Dtﬁ(’]')d’l'

and
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where B
o(t, ) = Ki(w — BD)e(t),
with ¢ € C%(R) satisfying
(4.3) 0<&(x) <1, &(x)=1for |z|<§E &(x)=0 for |z| > 2€,

and the positive constants 6, K1, Ko, K3, K4, € are to be determined.
We are going to show that, it is possible to choose these constants and some #3 > 0 such that

h(t) _
(4.4) uy > d/(t+t J(x —y)u(t,y)dy —u + f(u) for t >0, z € (g(t + to), h(t)),
h(t) +oo
(4.5) /t+t0)/ J(x —y)u(t,z)dy for t >0,
(4.6) u(t, g(t +to)) >0, u(t,h(t)) >0 for t > 0,
(4.7) (0, ) > u(te, ), h(0) > h(to) for x € [g(to), h(to)]-

If these inequalities are proved, then by the comparison principle, we obtain
h(t) > h(t+to), u(t,z) > u(t +to,z) for t >0, = € [g(t + to), h(t + to)],

and the desired inequality for cot — h(t) follows easily from the definition of h(t).

Therefore, to complete the proof, it suffices to prove the above inequalities. We divide the argu-
ments below into several steps.

Firstly, by Theorem A, there is C7 > 1 such that

(4.8) —g(t),h(t) < (co+ 1)t +Cy for t>0.
Let us also note that (4.6) holds trivially.
Step 1. Choose ty = tp(f) and Ky = K3(6) so that (4.7) holds.
For later analysis, we need to find ¢ty = to(f) and Ky = K2(6) so that (4.7) holds and at the same

time they have less than linear growth in 6.
Since f’(1) < 0, there exists small e, > 0 such that for any k € (0, €],

s < 20 o
It follows that, for & := f'(1)/2,

W(t) =1+ e, w(t) =1— e’

k<0< — k< f(1-k).

are a pair of upper and lower solutions of the ODE w’ = f(w) with initial data w(0) € [1 — e, 1 + €]
By (f), the unique solution of the ODE

W'=F(W), W(0) = [luollo
satisfies limy_,oo W (t) = 1. Hence there exists ¢, > 0 such that
W(ts) € [1 — €x, 1 4 €.
Using the above defined upper solution w(t) we obtain
W(t+t) <1+ exe’t for t > 0.
By the comparison principle we deduce
u(t +te, ) SW(t+t,) <1+ ee fort >0, x € [g(t+t.),h(t+t,)].

6(20)) for € [g(to), hlto)]

Hence

u(to,z) < (1 +

provided that
In(2€, /K
to = to(0) := |ﬁ‘ Ing+ H(T/l)
g

By (4.1), for any fixed w, € (8,7 — 1), we hav

/R ()2

+ Tx.

“rdr < oo.
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Then by Theorem 1.4, there is Cy such that

for z < —1.

1—¢(z) <

Cs
||
Hence, for K > 1 we have

(1+€(0)g(—K) = (1 +€(0)/2) = (1 +€(0))[1 = CoK "] = (1 +€(0)/2)
= K107P/2 - CoK ™ (1+K07°) >0
provided that

20!
K% > 920, + 729/3

Therefore, for all K1 € (0,1], § > 1 and K > (4Cy/K;)"/**0%/“* we have
(1+€(0)p(=K) — (1 +¢€(0)/2) = 0.
Now define
(4.9) K5(6) == 2 max {(402 SR8 (eo + 1)to(6) + cl} .
Then for Ky = K3(0) we have
h(0) = K3 > K»/2 > (co + 1)to + C1 > h(to),
and for z € [g(to), h(to)],
w(0,x) = (1+€(0))p(x — K2) > (1+€(0))p(—=K2/2) > (1 +¢€(0)/2),
Thus (4.7) holds if ¢ty and K5 are chosen as above, for any 0 > 1, K; € (0, 1].

Step 2. We verify that (4.5) holds if 0, K3, K3 and K, are chosen suitably.
Denote

0 +00 +o00
(4.10) Coimnu | /0 J(z — y)dydz = p /0 J(y)ydy.

A direct calculation shows, writing €(t) = e,

/ / u(t, x)dydx
g(t+to) p4oo

/ / u(t, z)dydx — / ﬁ J(x —y)u(t,z)dydz
—00 h(t)

+oo
—u / ) /0 fo — [+ (@) + plt,z + (1)) dydz

g(t+to)—h(t) _
—u / /O J(& — (1 + p(x) + p(t, = + h(t))]dyde

g(t+to)—h(t)
<(14 €)co + C5Kye — M/

g(t+to)—h(t)
<(1+€)co + C3K e — u/

/0 J(x —y)(1+ €)p(x)dydx

/0 J(x — y)p(a)dydz.

o0

By elementary calculus, for any k& > 1,

—k roo —k  roo
1 B 1 a1 1,-8
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Due to (4.1) and (4.8), there exists Cy > 0 such that

g(t+to)—h(t) p+oo
wf JRRCECE

—o0
+oo 1

———dyd

/0 o — g[8 Y

412 R e S e T \—8
@12 soc | / oy Eevar = g e+ )] + ()

[(co+ 1)(t + to) + C1 + cot + Ko] P

g(t+to)—h(t)

> Caslyt +10)~ (o) |

—0o0

—0o0

¢*C4
B+ B)
$.Cy [ (co+ Do+ Cy + KQ} =B
B(1+4B)(2co +1)8 (2c0 + 1) ’
where ¢, := ¢(—1) < ¢(—K3) < ¢(g(t + to) — h(t)). Therefore, for all large § > 0 so that
(co+1)tg + C1 + Ko
(260 + 1) ’

which is possible since ty(0) and K2(6) grow slower than linearly in 6, we have
h

(4.13) 0>

() +o00
1 J(x —y)u(t, z)dydx
g(t+to) Jh(t)
< (1+€(t))eo + C3Kye(t) — 6+ Cl t+6)"
- o B(L+ B)(2c0 + 1)
¢*C4

= co + €(t) |:CO + C3Ky — K18(1+ B)(2¢o + 1)P

IN

co — ng(t) = h,(t)
provided that Ki, K3 and K, are small enough so that

¢*C4
(4.14) Ki(co+ C3Ky + K3) < B+ B) 20 L1

Therefore (4.5) holds if we first fix K, K3, K4 small so that (4.14) holds, and then choose 6 large
such that (4.13) is satisfied.

Step 3. We show that (4.4) holds when K3 and K4 are chosen suitably small and 0 is large.

We have

wy(t,x) = — (1 +€(t))[co + 8" (1)]¢' (x — h(t)) + € (t)p(z — h(t)) + pu(t, ),
and, writing €(t) = € to simplify the notation,

— (14 €)eod(z — h(t))

h(t) B _ —
d / J(x — y)dly — h(t))dy — db(z — h(6)) + F(d(x — h(1)))

—00

=(1+¢)

h(t) _
—d / J(x —y)at,y) — plt,y))dy — da(t, z) - p(t,2)] + (1 + ) f(@lx — A(1)))

h(t)
> d / J(w = y)at, y)dy — du(t, @) + f(@(t,x))
g(t+to)

h(t)
+d | plt,x) - / J(@ = y)p(t,y)dy| + (1+ ) f((x — h(t))) — F(a(t,z)).

Hence

h(t)
w(tz) > d / oy I )y = () )+ Ae)
g(t+to
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with

h(t)
A(t,z) :=d [p(t, ) — /_ J(@ —y)p(t,y)dy | + (1 +€)f(o(z — h(t))) — f(ult,z))

— (1468 ®)¢ (x = h(t)) + € (t)d(z — h(t)) + pi(t, ).
Therefore to complete this step, it suffices to show that we can choose K3, K4 and 6 such that
A(t,x) > 0. We will do that for x € [h(t) — € h(t)] and for = € [g(to + t), h(t) — €] separately.
Claim 1. If € > 0 in (4.3) is sufficiently small and 6 is sufficiently large, then

h(t)
d [p(t, T) — /_ J(@—y)p(t,y)dy| + (1 +€)f(o(x — h(t))) — f(ult, z))

> SO0 s 50 gor v ) - 2 b))

(4.15)

0

h(t) _
d[pu,x)— / J(x—y)p(t,wdy]:me(t) [d—d / J(sc—h(t)—ms(y)dy}

—o0
0

> Kae(t) [d ~df

—2€

_ h(t)—x
J(x — h(t) - y)dy} = Kye(t) [d - d/ J(y)dy]

h(t)—z—2¢

s = Kaett) |a - SO = o= ST i),

€

2 o i f

—2€

provided € € (0, €1] for some small ¢; > 0.
On the other hand, for € [h(t) — € h(t)], by (f) we obtain

(1+e)f(o(x — h(1) = f(alt, =) = f(1 + e)¢(x — h(t))) — f(a(t,z))
= f(@(t, x) = p(t, x)) — f(ult, z)),
and due to 0 < Ky < 1,
0 <a(t,z) < (1+ €)p(é) + Kye < 2¢(¢) + 0.
So u(t, =) and p(t, =) are small for small € and large 6. It follows that
f@(t, ) = p(t,x)) = fU(t, =) = —p(t, z)[f'(u(t, z)) + o(1)]
= ot ) )+ o)) = - [ £0) + SO e

for = € [h(t) — & h(t)], provided that € is small and @ is large. Hence, (4.15) holds.

Denote

M = sup [¢/(2)].
<0

For x € [h(t) — & h(t)], by (4.15) we have

LSO 1,2) — (14 )00 — hi1) + € ()l — b)) + pi(t.2)

> €(t) [d — Qf/(o) Ky —2K3M — B(t+60)"' — K4B8(t + 9)—1}

> €(t) [d — 2f’(0)K4 —2K3M —0718(1 + K4)}

>0
provided that we first fix K3 and K4 so that (4.14) holds and at the same time

d— f'(0)
2

At,x) >

(4.16) K4 —2K3M > 0,

and then choose 0 sufficiently large.
Next, for fixed small € > 0, we estimate A(t,z) for z € [g(t + to), h(t) — €.
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Claim 2. For any given 1> n > 0, there is ¢; = ¢1(n) such that
(4.17) (14+e)f(v)— f(1+€)wv) > cre for ven 1] and 0 < e < 1.
Indeed, by (1.9) there exists ¢; > 0 depending on 7 such that
fw)—vf'(v) >2¢c for ven1].

Since
1 — 1

hm( +6)f(’U) f(( +6)U) :f(v)_vf/(v)ZQCl

e—0 €
uniformly for v € [n, 1], there exists ¢y > 0 small so that

(L+e)f(v) = f(A+e)v) > e
€
for v € [n,1] and € € (0, o). This proves Claim 2.
By Claim 2 and f € C1, there exist a positive constant C such that, for v = ¢(z—h(t)) € [¢(—¢), 1],

(L+e)f(v) = fF(L+e)v+p)
={1+ef(v) = f(A+ev)+ f((L+€e)v) = fF((1+€e)v+p)
> c1€ — CfK46

when € = €(t) is small.
We also have

h(t) h(t)
d [p(tjw) —/ J(x — y)p(tvy)dy] > —d/ J(@ —y)p(t,y)dy = —dK4e(t),

and
pu(t,x) = — &N Kae(t) + K4 (8) > =6 Kae(t) — Kaf(t+6) " e(t)
> — (& + B0 Kue(t),

with &, 1= ¢o maxger | (7). B
Using these we obtain, for z € [g(to + t), h(t) — €],

Altiz) > — dEse(t) + (L+ ) f(@( — R(1))) — F(alt, 2)) + 2M(£) + € () + py(t, 2)

> €(t) I:Cl — K4(Cf +d)—2MKs3 — 5(t + 0)71 — (& + 501)K4]

Vv

G(t) |:01 — K4(Cf + d) —2MKs3 — &Ky — ﬁe_l(l + K4):|
>0

provided that we first choose K3 and K4 small such that

c1 — K4(Cf —l—d) —2MKs3 — &Ky >0

while keeping both (4.14) and (4.16) hold, and then choose 6 > 0 sufficiently large.
Therefore, (4.4) holds when K3, K4 and 0 are chosen as above. The proof of the lemma is now
complete. O

4.2. The case f'(0) > d.
Lemma 4.2. In Lemma 4.1, if f'(0) > d, then (4.2) still holds.

Proof. This is a modification of the proof of Lemma 4.1, where in the definition of @, we add a new
term A(t) and change p(t,z) to —p(t, x); see details below.
We will use similar notations. Let 3 =y — 2 € (0, 1], and for fixed € > 0, let £ € C?(R) satisfy

0<&(x) <1, &(x)=1for|z| <é &(x)=0 for |z| > 2€.

Define {B(t) := cot + (1), ) t>0 )
u(t,z) = (1+€(t)p(z — h(t) = A1) — p(t,z), t>0, z < h(t),

where

e(t) == Ki(t+0)7", 6(t) = Ky — K3 /OtE(T)dT,
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p(t x) = Ka&(x — h(t))e(t), A(t) := Kse(t),
and the positive constants 6, € and K1, Ko, K3, K4, K5 are to be determined.
Let

C: = i '(z)].
L ¢’ ()]

Then for o € [h(t) — 2€, h(t)],
u(t,x) > ¢( = A(t)) — plt,z) > CeA(t) — Kae(t) > e(t)(CeK5 — Ky) > 0

if

(4.18) Ky = CeK5/2,

which combined with &(x) = 0 for |z| > 2¢ implies

(4.19) u(t,z) >0 for t >0, x < h(t).

Let to = to(f) and Ko = K3(0) be given by Step 1 in the proof of Lemma 4.1. Then [g(to), h(to)] C
(—o0, K3/2), and due to p(0,z) = 0 for = < h(ty) < K2/2 < Ky = h(0), we have

u(0,z) = (1 +¢€(0))p(z — K2 — A(0)) > (1 +€(0))p(—K2/2)
> 1+¢€(0)/2 > u(tg,z) for x € [g(ty), h(to)].
Step 1. We verify that by choosing K7, K3 and K5 suitably small,

(4.20)

h(t) +oo
(4.21) / / J(x —y)u(t,x)dydz for all ¢ > 0.
(t+to)

By direct calculations we have

/ / u(t, x)dydx
9(t+t0 h(t)

/ / V(1 + €)p(z — h(t) — A(t))dydz
g(t+to) Jh(t
(1+e) / /+OO o(x — A\(t))dydx
g(t+to)—h(t) p+oo
—(1+ep / /0 J(x - y)é(z — A(t))dydz
- 0 “+o00
<O+da++ou [ [ I@=ylo—A0) - o@)dyda
(t4+to)—h(t) p+oo
~+ou [ /0 J(z — y)é(x)dydz

Let M; := sup|¢/(z)| and C3 be given by (4.10). Then
<0

0 “+00
(a+an [ /0 J(z — 9)[6(z — A1) — $(z)|dydz < 205MIA(H).
By (4.12),

g(t+to)—h(t) p+oo
u/ /O J(z — y)¢(z)dydz

[e.e]

> ¢+ Cy [t (Co + 1)t0 + C1 + Ky —B

B+ B)(2c0 +1)° (2co +1)
Therefore, as in the proof of Lemma 4.1, for sufficiently large 0 so that
(co+ Dtog+ Cy + Ko

(4.22) 0 > (200 + 1)
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holds, we have

h(t) +00
u/ / J(z —y)u(t,z)dydx
g(t+to) Jh(t)
¢*C4
B(L+ B)(2c0 +1)°

«C.
=co+ e(t) |:C() + 205 M1 K5 — Klﬂ(l +¢B)(§CO + 1)5

< (1 + 6)60 + 203M1)\(t) - (t + 9)_5

< co — Kze(t) = I'(t)
provided that K1, K3 and K5 are suitably small so that
¢*C4

(4.23) Ki(co +2C3M 1 K5 + K3) < B+ B)(2c0 + )P

27

Step 2. We show that by choosing K3, K5 suitably small and 6 sufficiently large, for ¢ > 0 and

€ [g(t +to), h(t)],

h(t)
(4.24) u(t, z) > d/( . J(x —y)u(t,y)dy —u(t,z) + f(u(t,x)).
g(t+to

Using the definition of u, we have

ﬂt(t,x) =—(1+e) (W +XN)p(x—h—X) +p(x—h— )\) pt

(4o +d +N¢(x —h—=A)+d(x —h—X) —p
and
— (1 +€)cog'(x —h —N)
h+X B B B
= (1+¢) d/_ J(x—y)(b(y—h—/\)dy—dqﬁ(fr—h—A)+f(¢(%‘—h—>\))]
h _ _ _
> (1+e€) d/ J(fc—y)¢(y—h—>\)dy—d¢(w—h—/\)+f(¢(fc—h—>\))]
—d/ J(x — y)latt,y) + pldy — dfalt,z) + pl + (1 + ) f((x — h— \))
- / I — y)u(t,y)dy — da(t, z)
h() .
—d [p(t, ) = / J(@ —y)p(t,y)dy | + (L+e€)f(d(z —h—A))
R(t)
> d / J(@ — yya(t, y)dy — du(t, @) + f(a(t,))
(t+to)
R(t) _
—d [p(t, ) — /_ J(@—y)p(t,y)dy| + (1 +e)f(px —h—N) — f(u(t, z)).
Hence
h(t)
u(t,x) > d/ J(x —y)u(t,y)dy — du(t,x) + f(u(t,x)) + B(t, x)
g(t+to)
with

7
B(t,z) :==—d |p(t,z) — / J(x —y)p(t,y)dy | + (1+e)f(p(x —h — X)) — f(u(t, z))

—(1+ @ +XN)¢'(x—h =N +plx—h—A)—

To show (4.24), it remains to choose suitable K3, K5 and 6 such that B(t,z) > 0 for ¢ > 0 and

€ [g(t + to), h(t)].
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Claim: There exist small & € (0,¢/2) and some Jy > 0 depending on € but independent of &,
such that

h
—d [p(t x) — / J(z —y)p(t,y)dy| + (L +e)f(¢(x — h = X)) - f(a(t,z))

—00

(4.25)
> Jop(t,z) for =€ [h(t) — &, h(t)].

Indeed, for x € [h(t) — €y, h(t)],

h(t)
d [p(m) —/ J(x — y)p(t,y)dy] = Kae(?) [d - d/

h(t)—x

h(t)
< Kae(t) [d - d/ﬁ(t)* J(x — y)dy] = Koe(t) [d — d/;;

< dp [1— / 0 J(y)dy] < dp [1— / " Iyl

—é+ég

J(z — y)dy]
(t)—é—z

On the other hand, for z € |

=
S
|
M
2
>
=~
Pt
=
1S
g
<
1)

since both (¢, z) and p(t,z) are close to 0 for x € [h(t) — &, h(t)] with & small.
Hence, for such x and €, since f'(0) > d,

h(t)
—d [p(t, ) — / J(z —y)p(t,y)dy

—0o0

+ (1 +e)f(olx —h(t) — f(ult, z))

~ ~ d 0
This proves (4.25).
Clearly
—pi(t, ) = BK4K(t+60) 771 > 0.

Denoting M := sup |¢/(x)|, we obtain, for = € [h(t) — &, h(t)] and small &,
<0

B(t,x) > JoKae(t) + 2(5'(t) + N (£)) My + €' (1)
= JoKoe(t) + 2¢(t)(— K3 — KsB(t +60) ")) My — B(t + 6) " Le(t)

> €(t) [jng — (K3 + K580~ Y) M, — 591]

— ¢(t) {Jng 2Ky M, — 67! (K56M1 n /3)]
>0

provided that K3 is chosen small so that (4.23) holds,

(4.26) JoKa — 2K3M; > 0,

and @ is chosen sufficiently large.?

We next estimate B(t,z) for = € [g(t + to), h(t) — ). From Claim 2 in the proof of Lemma 4.1,
and the Lipschitz continuity of f, there exist positive constants C; = Cj(€y) and Cy such that, for

v = ¢z — h(t = A(t))) € [¢(—¢0), 1],
(1+e)f(v) = f(1+€e)v—p)

3In fact, by the choice of Ky = K2(0) in (4.9), for fixed K3, (4.26) always holds for large enough 6.
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=1 +e)f(v) = f(A+e)v)+ f(L+e)v) = fF((1+e)v—p)
> Cie —Cyp > Cre — CpKye

when € = €(t) is small. Hence

(1+e(t) f(o(z — h(t) = A(1)) — f(a(t,z))

> Cle(t) — CfK4€(t) for =xe€ [g(t + to),ﬁ(t) — go], 0<é < 1.
Clearly,
0]
and
pult2) = ~Kag W (De(t) + Kae' (1) < & Kae(?)

with & = co maxeg [£'(z)]. B
We thus obtain, for « € [g(t + to), h(t) — &) and 0 < € < 1,

B(t,x) > — Kye(t)d + (1 + €)f(¢(x — h)) — f(@) + 2M1 (8" + N) + € — py
> Cie(t) — Kae(t)(d + Cy + &) + 2My[—Kse(t) + Kse' ()] + €/ (¢)

> e(t) [Cl — Ky(d+ Cf + &) — 2M; (K3 + K5B(t+0)) — Bt + 9)1}

v

e(t) [cl — Ky (d +Cp+ g*) MK — 9’15<2M1K5 + 1)]
0
if we choose K3 and K5 small so that (4.23) and (4.26) hold and at the same time, due to (4.18)

Y

Ci— Ki(d+Cp+€.) = 2M K5 >0,

and then choose 6 sufficiently large. Hence, (4.24) is satisfied if K3 and K35 are chosen small as above,
and 6 is sufficiently large.
From (4.19), we have

u(t, g(t +to)) >0, u(t,h(t)) >0 for t>0.

Together with (4.20), (4.21) and (4.24), this enables us to use the comparison principle to conclude
that

h(t +to) < h(t), u(t +to,z) <au(t,x) for t >0, x € [g(t+to), ()],

which implies (4.2). The proof of the lemma is now complete. O

4.3. Proof of Theorem 1.3. By Lemma 3.1 and then by (4.1), there exists Cp > 0 such that

h(t) —Cot Z -C

t Dy 00
1+/ (l—i—a:)l'yd:c—&—/2 sz(x)dx—i—t/ xJ(:c)dx]
0 0

0]
2t

oo

1 1 £0¢
>-C 1+’72+/ J(J:)dx—i-C()/Q x27d1:+Cot/
- 0 1 =

(0}
5t

xlvdx] .

Therefore when v € (2,3) we have
h(t) —cot > —C [C’ +In(t+1)+ C~’1t3_7} > —C1t>77 for all t > 1 and some Cy,C,Cy > 0,
and when v = 3,

h(t) — cot > — Colnt for all £ > 1 and some Cy > 0.

These combined with Lemmas 4.1 and 4.2 yield the desired conclusion of Theorem 1.3. O



30 Y. DU, W. NI

5. PROOF OF THEOREM 1.2

Throughout this section, we assume that J satisfies (J) and (J7) for some v € (1,2]. So there
exist positive constants C; and C5 such that

Cy
< J <
z +1 = (@) < ERES!

Clearly now (J1) is not satisfied.

(5.1) for z € R and some vy € (1, 2].

The purpose of this section is to prove Theorem 1.2, and as before we will only prove the estimate
for h(t), since that for g(t) follows by the change of variable z — —x. Theorem 1.2 will follow directly
from the lemmas in Subsections 5.1 and 5.2 below.

5.1. Upper bound. This is the easy part of the proof.

Lemma 5.1. Assume that (J) and (f) hold. If spreading happens, and (5.1) is satisfied, then there
exits C = C(y) > 0 such that

52) {Ctl/w_l) if v € (1,2),

Ctlnt if v=2.

Proof. Define, for t > 0,

R(t) = (Kt+6)1/0—1 if v € (1,2],
(Kt +6)In(Kt+0) if vy =2,

u(t,r) = U := max {||uol|oc, 1}, € [=h(t),h(t)],

with positive constants # and K to be determined.
We start by showing

(5.3) ) > ,u/ / u(t,x)dydx for >0,
h(t

and
—Rh(t) < ,u/ / Ju(t, z)dydz for t > 0.

Since u(t, x) = u(t,—z) and J(x) = J(— ), it suffices to prove (5.3).
By simple calculations and (5.1), for any k£ > 1,

k 00
/ / (x—vy dydx—/ / dydx—/ J(y)ydy—i—,uk/ J(y)dy
0 k
k 00
Coy / / / Coy / Cs
< dy + k -d Cody+ | “Hag+k [ Zay,
_/0 Yy +1 Y k 3/7 v= > koY Y

and so

0 oo Co+ 22 (K7 — 1)+ CE ify e (1,2),
(5.4) / / J(x —y)dydx <

—kJ0 2Cs + Cylnk if v =2.
Clearly

+oo "‘OO
/ / J(x —y)u(t,z)dydz = u/ / J(x —y)dydz.
h(t) 2R (t

Hence for 1 < v < 2, by (5.4),
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provided that K > 0 is large enough. And for v = 2,
h(t) +oo
/ / J(z —y)u(t, z)dydx < uu<202 + Coln [2(Kt +6) ln(Kt—i—G)])

< uu(QC’z + 02 In2(Kt+6) + Coln[ln(Kt + 0)]) < KIn(Kt+0) + K = h'(t)

if K > 1. This finishes the proof of (5.3). o
Since w > 1 is a constant, we have, for ¢t > 0, x € [—h(t), h(t)],

h(t)
(5.5) u(t,z) =0> d/ - J(z—y)u(t,y)dy — du(t,z) + f(u(t,x)).
—h(t)
Moreover, h(0) > hq for large 6, and obviously
u(t,+h(t)) >0 for t >0,
u(0,z) > u(0,x) for x € [—ho, ho).

Hence we can apply the comparison principle to conclude that

[9(t + to), h(t + to)] C [=h(t), h(1)], t>0,
u(t + to, x) < u(t,x), t>0, x € [g(t+to),h(t+ 1)
Thus (5.2) holds. O

5.2. Lower bound. We will consider the cases v € (1,2) and v = 2 separately.

5.2.1. The case v € (1,2). We start with a result from [20].
Lemma 5.2. [20, (2.11)] If J satisfies (J), then for any € > 0, there is Le > 0 such that for all
I > L, the function i(x) := 1 — |x| satisfies

!
(5.6) [ =ity = (- Gunta) in -1,
Lemma 5.3. Assume that the conditions in Theorem 1.2 are satisfied and v € (1,2). Then there
exits C = C(v) > 0 such that
(5.7) h(t) > CtY/O7Y fort>> 1.
Proof. Define
h(t) := (Kt +0)Y0=Y ¢ >0,
h(t) — |z|
= Ko—F——

with positive constants # and K7, K9 to be determined.
Step 1. We show that, for large Kl,

(5.8) / / J(x —y)u(t,x)dydzx for ¢ > 0.
h(t

By simple calculations and (5.1), we obtain

e / " / T I gl 2)dyde > ks / " / . y)h(?(_) % dyda
= MK2 / /+oo (r —y)(—x)dydx = MK2 / /+OO y)xdydx
S /“”) iz 485 [ o

> MK2C'1/( dy > MK2C'1/ () 27y > pEK>Ch h(t)37
20(t) Jo y'+1 4h(t) i 8h(t) 3—7

= Co(Kyt+0)F /071 > nyl

t>0, x € [~h(t),h(t)],

1([( 1+ 0)Z/0=0 = p/(p)



32 Y. DU, W. NI

provided that 0 < K7 < CA’O('Y — 1) and 0 > 1. This finishes the proof of Step 1.
Step 2. We show that, by choosing K1, K3 and 6 properly, for t > 0 and = € (—h(t), h(t)),

h(t)

(5.9) wy(t,z) > d / o vt )y — dut2) ¢ fla,)

From the definition of u, for t > 0 and = € (—h(t), h(t)),

_ e =R (@) W(t) KiK. _
w(t,x) = K» 20 < = 71_12@(75)1 .

Claim 1. For z € [—h(t), h(t)], there exists a positive constant C4 depending only on ~ such that

h(t) R
(5.10) [ da = pultady = Cian(o)
—h(t)
By (5.1), writing h(t) = h for simplicity of notation, we have
h

h—x h—x
e L & Ci h—|y+az
J(z — y)u(t,y)d :/ JW)u(t,y + x)d ZK/
/_h (z = y)u(t,y)dy s (W)u(t,y +x)dy > Ky SN

Thus, for x € [h/4, h],

dy.

h 0
= Ci h—|y+a
Jx—yut,ydyZKz/ dy
IR PR
0 0
C h — C —
:K2/ 1 <y+x)dyZK2/ i
_nya lylY +1 h _na Y+ 1 h
K. h/4 K h/4
:2/ C1y dy201 2/ yl_ydy
h Jo yr+1 2h )1
C1 K3 9_ A 1—
> ——— 2 _(B/4)*77 = C1Koh 7.
- 4(2_,7)@(*/) C’l 21
And for x € [0, h/4],
N bA 0y h—ly+af
J(z — y)u(t,y)d zK/ L = d
[ @ty [T Ay

bt 0y oy 2
> K. “dy > C1Koh' ™7
_2/0 y7+1by_12*
by repeating the last a few steps in the previous calculations.

This proves (5.10) for x € [0, h]. It also holds for x € [—h, 0] since both J(x) and u(¢,x) are even
in .

Claim 2. We can choose small K» and large 6 such that, for x € [—h(t), h(t)] and ¢t > 0,

h h

d/ J(z —y)u(t,y)dy — du(t,z) + f(u(t,x)) > F / J(x —y)u(t,y)dy

—h —h

for some positive constant F.
It is clear that 0 < u(t,z) < Ky, and thus for small K3 > 0,

3
Fult,a) = |£0) + o) ult,2) = T/ (O)ut,2).
Moreover, by (5.6), there is L; > 0 such that for 0Y/0-1) > 1,

h(t) /
a [ =ty + H ) > dun) o o e S0, h0)
—h(t)

Therefore Claim 2 is valid with F, = f/(0)/2.
Combining Claim 1 and Claim 2, we obtain

h
d [ e = vty - dut,a) + flut. o)
—h

KiK.
2R > uy(t, )

> F,C1Koh(t) ™7 > o
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provided that
K1 S F*CA’I(’Y - 1)

This proves (5.9).
Step 3. We prove (5.7) by the comparison principle.
It is clear that

u(t,+h(t)) =0 for t>0.

Since spreading happens for (u, g, h), for fixed § > 1 and small K;, Ko as chosen above, there exists
a large tg > 0 such that

[=h(0), h(0)] < [g(t0)/2, h(to)/2],
u(to,x) > Ko > u(0,2) for x € [—h(0),h(0)].

Moreover, since J(x) and u(t, z) are both even in z, (5.8) implies
h(t)  p—h(t)
—R(t) > u/ / J(x —y)u(t,x)dydz for ¢ > 0.
—h(t) J—o0

These combined with the estimates in Step 1 and Step 2 allow us to apply the comparison principle
to conclude that

[=A(t), A(t)] C [g(t +t0), h(t +o)], t>0,
u(t,z) > u(t + to, ), t >0, z €[—h(t),h(t)]
Hence (5.7) holds. O

5.2.2. The case v = 2. The following simple result will play an important role in our analysis later.

Lemma 5.4. Let Iy and Iy with 0 < 1 < lo be two constants, and define

Y(x) = Y(x;11,1l2) := min {1, 2= |2 } ., z€R.

ly
If J satisfies (J), then for any € > 0, there is Le > 0 such that for all ly > L. and la — 13 > Le,
l2
(5.11) | @ty = (1= uta) in [t
-2

Proof. Since [, J(x)dz =1, there exits B > 0 such that

(5.12) /_i J(x)dr > 1 —¢€/2.

In the following discussion we always assume that I; > B and ls — l; > B. Clearly, for = €
[—(lo — 1) + B, (la — l1) — BJ, due to
Y(x) =1 in [—(l2 —l1),l2 — l1],

we have
lo—11

lo lo—ly N
l/ ﬂx—ww@Myz/' Ju—yW@Myz/‘ J(x — y)dy

—l2 —(la—11) —(la—11)

lo—l1—x B 5
=[0Iz 12> (- 9ue).
—(lo—l)—= —B
It remain to prove (5.11) for x € [—la, —(la—1{1)+ B]U[(l2—{1) — B, l2]. By the symmetric property
of ¥(x) and J(x) with respect to x, we just need to verify (5.11) for « € [(la —l1) — B, l2], which will
be carried out according to the following three cases:
(i) RS [lg -1 —B,ls—1 +B], (ii) xr € [lQ -1+ B,ls— B], (iii) RS [lg — B,lg].

(i) For x € [lo — I3 — B,ls — I + B, since 9 (z) is nonincreasing for z > 0, we have

lo lo—x
/ Ju—ywwmy:/ J(y)ly + z)dy

—la —la—=x
B

B
z/ J@W@+xﬂyz/'J@ww+xmy

—2lo+11+B —-B
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B
z/ Ty + s — b + B)dy.
_B

By the definition of 1, for y € [-B, B], we have

lo—(y+1lo—1l1 + B) _1_y+B
Iy B I

Y(y+lo—UL+B)=

Hence,

B B B

y+ B
[ awert-n+may= [ swa- [ sy
-B -B -B 1
2B?
>1—€/2— HJHLOQ R)T >1—e>(1—e€)()

provided

A\ J| oo (r) B>
> || Loo () 7
€

which then gives

l2
/ J(x—y)(y)dy > (1 —e)yp(x) for x €llo—11 — B,la — 11 + BJ.

I

(ii) For x € [lg —l1+ B,ly — B],

lo lo—x
/’J@—yW@My—/ J@)b(y + 2)dy

—l2 —la—x
B B
> [ sz [ I+
—2ly— B+, -B
From the definition of 4, for z € [lo — 1 + B,ls — B] and y € [-B, B],

lo—(y+x) lLb—-—z vy
1 1 1

Thus, by (5.12),

lo
J(m— dy>/ J(y)(y + x)dy

~(a / s~ [ swlay wmy/Bﬂw@ﬁzu—owm»

(iii) For z € [la — B, 2],

—lo—x
lo—x

lo lo—x
/) yW@My—/ J()b(y + 2)dy
lo—
z[ﬂgﬂmJ@ww+xmyz/' J()d(y + z)dy
B
-/,

-B

J(x —
B
ﬂww@+xMy—[' J()d(y + z)dy

2—X

As in (ii), we see that

B
| swity+aa /‘J )y = (1 - ().
By the definition of 1,
¢(y+a:) <0 for xz € [lz — B,lg], ES [lg —x,B],
which indicates

lo B
/’J@—yW@Myz/‘J@W@+wﬂyzu—a¢u»

—ls -B
The proof is now complete.
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Lemma 5.5. If the conditions in Theorem 1.2 are satisfied and v = 2, then there exits C' > 0 such
that

(5.13) h(t) > Ctlnt fort > 1.
Proof. Fix 8 € (0,1) and define
{h(t) = K1 (t+0) In(t +6), t>0,

u(t,z) ;= Ko min {1, W} , >0, ze[-h(t),h(t)],

with constants > 1 and 1 > K; > 0,1 > Ks > 0 to be determined. Obviously, for any ¢t > 0,
the function Qyu(t,r) exists for = € [~h(t), h(t)] except when |z| = h(t) — (t + 0)°. However, the
one-sided partial derivates d,u(t £ 0, x) always exist.

Step 1. We show that by choosing 6 and K1, K5 suitably,

+oo
(5.14) / / J(x — y)u(t, z)dydz for t > 0,
h(t)

h(t)
(5.15) / / J(x —y)u(t,z)dydz for t > 0.
h(t)

Since u(t, x) = u(t, —z) and J(x) = J(—=z), we see that (5.15) follows from (5.14).
By elementary calculations and (5.1), we have

/ / u(t, z)dydz
OR0)

h(t)—(t+6)P  p+oo
> ,u/ / J(x —y)u(t,z)dydz
h(t)

(t+6)7 +oo +oo
—,uKQ/ / J(x—vy dydx—,qu/ / J(y)dydz
h(t) t+ T
o ([ L
t (t+6)5 h(t) J(t+0)8

h h(t) —(t+0 B
> uKz/ / J(y)dzdy > MCHKQ/ ygi)dy
(t+0)8 J (t4+0)8 t+0p Yy +1

h(t) _ B
e KQ/ y—(+6)°

dy
t+0)8  2y?

B
_ MCIKQ% (m h(t) = Bin(t +0) + Ij(f)) - 1)

> ,u,ClKQ% (Inh(t) — BIn(t +6) — 1)
1

= p,ClKQ5 (In K7 +1In(t+0) + In(In(t +0)) — Bln(t+6) — 1)
> W[ln(t +0)+1]> KiIn(t+0) + K1 = b/ (t)
provided
(5.16) In(lnf) > —InK; +2 and 0 < Ky < “ClKZZ(l_ﬁ)

which then finishes the proof of Step 1.
Step 2. We show that by choosing Ki, K2 and 6 suitably, for ¢ > 0 and = € [—h(t), h(t)] with

x| # h(t) — (t+0)°,

h(t)
(5.17) uy(t,x) <d / @ Dty — dut.2) + Sl )
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From the definition of u, for ¢ > 0,

Ky Ko U2 L o R8sl if h(t) — (¢ +0)7 < |a] < h(1),
if 2| < h(t) — (t + 0)°.

Claim 1. For x € [~A(t), —h(t) + (t + 0)’] U [A(t) — (t + 6)7, h(t)] and large 6,
/h“) C1K>B1n(t + 0)

yt(tv :C) =

(5.18) J(z —y)u(t,y)dy >

—h(t) 4(t + 9)'8 ’
where C1 > 0 is given by (5.1).
A simple calculation yields, for x € [h(t) — (t + 0)%, h(t)],

[ stz [ et
x —y)u(t,y)dy > / T —Y) Y
—h(t) ? Jno—(roy (t+6)7

K h(t)—z
DN /h(tutwwx TWAO =+ oldy

Hence, for z € [h(t) — 3(¢ + 6)%, h(t)], by simple calculations and (5.1),
0

/mwﬂ Jult, y)dy > —2 J(y)(—y)d
x —y)u(l,y yZ/ y)(—y)dy
—h(t) (t+0)5 J_(t10)5/4

K (t+6)7 /4 O K (t+6)8 /4
= /0 J(y)ydy > - 2/0 .

(t+6)8 (t+0)8 y? 41
C1 Ko (t+0)8 /4 . 1K,
> 2 =——_[B1] —1In4
—2(t+0)6/1 vy = g gyp Pt +6) —Ind]
C1 KB1n(t + 6)
T A(t+0)8
provided that
(5.19) gan > In4.

And for z € [h(t) — (t + 6)%, h(t) — 3(t + 6)7),

h(t) 3(t+6)8 /4
/‘ J(x — yulty)dy > 2 A JW)A) - (v + 2)]dy

—h(t) (t+ 9)5
Ky, [0/ C1K2B1In(t + 6)
> >
= (t+9)ﬁ/0 Tly)ydy = A(t + )P

This proves (5.18) for = € [h(t) — (t + 6)7, h(t)].
For z € [—h(t), —h(t) + (t+6)7], (5.10) also holds since both J(x) and u(t,z) are even in . Claim
1 is thus proved.

Claim 2. We can choose small Ky and large 6 such that, for x € [—h(t), h(t)],

h(t)

h(t)
(5.20) d/ J(x — y)u(t,y)dy — du(t, z)+ f (u(t, z)) > F / J(x —y)u(t,y)dy
—~h(t) ~h(t)

for some F, > 0.
For small Ky > 0, from 0 < u(t,z) < Ky we obtain

Flutt,2)) > 2 £ O)ult, o).
For large # and ¢t > 0, we have
(5.21) h(t) — (t+6)° > 0°(K16'PIno — 1) > 6°.
Hence, by (5.11), there is large L > 0 such that, for #° > L; it holds

ht) :
a [ =ty + Hue) > duta) o o e 10,00
—h(t)
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Therefore (5.20) holds with F, = f/(0)/2.
Applying (5.18) and (5.20), we have, for x € [—h(t), —h(t) + (t + 0)%) U (h(t) — (t + 0)5, h(1)],

h(t)
d / J(@ — y)ult,y)dy — u(t, z) + f(u(t, )
—h(t)

F*ClKQBhl(t-i-e) ln(t—i—9) +1
> > KiKeo————
R N ()
e e (=B +6) +1 | FKoBh()
I (t+6)8 (t+0)1+5
1-38)In(t+6)+1 KspB|z|
> |KG1 K
= [ 12 (t+0)8 (t + 0)1+P
= yt(tvl‘)
if apart from the earlier requirements, we further assume
(5.22) Inf > 2 and K; < F*(;lﬂ.

For |z| < h(t) — (t +6)”, u(t,y) = K2 and

h(t)
> B[ J gty 2 0= wto).

Thus (5.17) holds. (Let us stress that it is possible to find K;, K and large 6 such that (5.16),
(5.19), (5.21) and (5.22) hold simultaneously.)

Step 3. We finally prove (5.13).

Clearly, u(t,+h(t)) = 0 for ¢ > 0. Since spreading happens for (u, g, h) and K2 > 0 is small, there
is a large constant tg > 0 such that

[=1(0), 2(0)] C [g(t0)/2, h(to)/2],

u(0,2) < Ko < u(tp,xz) for x € [—h(0),h(0)].
By Remark 2.4 in [21], we see that the comparison principle still applies to our situation here, even
though Ou,(t,z) has a jumping discontinuity at |z| = h(t) — (t + 6)”. Therefore we have

[=A(t), A(t)] < [g(t +t0), A(t +t0)]; t>0,
u(t,x) < u(t+to,x), t >0, z € [—h(t),h(t)]
So (5.13) holds. This completes the proof of the lemma. O
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