A DIFFUSIVE LOGISTIC MODEL WITH A FREE BOUNDARY IN
TIME-PERIODIC ENVIRONMENT
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ABSTRACT. We study the diffusive logistic equation with a free boundary in time-periodic
environment. Such a model may be used to describe the spreading of a new or invasive species,
with the free boundary representing the expanding front. For time independent environment, in
the cases of one space dimension, and higher space dimensions with radial symmetry, this free
boundary problem has been studied in [12, 9]. In both cases, a spreading-vanishing dichotomy
was established, and when spreading occurs, the asymptotic spreading speed was determined.
In this paper, we show that the spreading-vanishing dichotomy is retained in time-periodic
environment, and we also determine the spreading speed. The former is achieved by further
developing the earlier techniques, and the latter is proved by introducing new ideas and methods.

1. INTRODUCTION

We study the evolution of the positive solution u(t,r) (r = |z|, x € RV, N > 2), governed by
the following diffusive logistic equation with a free boundary:

u — dAu = u(a(t,r) — B(t,r)u), t>0, 0<r <h(t),
(1.1) ur(t,0) =0, u(t,h(t)) =0, t>0,
. h,(t) = _Nur(tv h(t))7 t>0,
h(O) = ho,u(O,T) = UO(T)v 0 <7 < ho,
N-1

where Au = u, + Uy T = h(t) is the free boundary to be determined; hg, 1 and d are given
positive constants; ug € C2([0, hg]) is positive in [0, ko) and uf(0) = ug(hg) = 0; the functions
a(t,r) and B(t,r) satisfy the following conditions:

(i) B e C"/2(R x [0,00)) for some 1 € (0,1),
and are T-periodic in ¢ for some T > 0;
(ii) there are positive constants k1, k2 such that
k1 < aft,r) < ke, k1 < B(t,r) < ke, Vr € [0,00), Vt € [0,T].

Problem (1.1) may be viewed as describing the spreading of a new or invasive species with
population density u(t,|z|) over an N-dimensional habitat, which is radially symmetric but
heterogeneous. The initial function ug(|z|) stands for the population in its early stage of intro-
duction. Its spreading front is represented by the free boundary |z| = h(t), which is a sphere

(1.2)
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OB,y with radius h(t) growing at a speed proportional to the gradient of the population density
at the front: h/(t) = —pu, (¢, h(t)). The coefficient functions «(t, |z|) and B(¢, |z|) represent the
intrinsic growth rate of the species and its intra-specific competition respectively, and d is the
random diffusion rate.

By restricting to the radially symmetric setting, we are able to avoid the difficult mathematical
problem of regularity of the free boundary, and focus on the new phenomena exhibited by the
free boundary model. The general (non-radial) case in several space dimensions was treated in
[10] and [16] by completely different techniques.

In the special case that the functions o and 3 are independent of time ¢, problem (1.1) was
studied recently in [9], and when «,  are positive constants and the space dimension is one,
this problem was considered earlier in [12]. (Actually more general situations were investigated
in [12], e.g., up needs not be symmetric.) In both cases, it was shown that a unique solution pair
(u, h) exists, with u(t,r) > 0 and h'(t) > 0 for ¢t > 0 and 0 < r < h(t), and a spreading-vanishing
dichotomy holds, namely, a spatial barrier r = R* exists, such that either

e Spreading: the free boundary breaks the barrier at some finite time (i.e., h(tg) > R* for
some ty > 0), and then the free boundary goes to infinity as ¢t — oo (i.e., limy_, o h(t) =
o0), and the population spreads to the entire space and stabilizes at its positive steady-
state, or
e Vanishing: the free boundary never breaks the barrier (h(t) < R* for all t > 0), and
the population vanishes (lim;_,o u(t,r) = 0).
Moreover, when spreading occurs, the asymptotic spreading speed can be determined (namely
limy_, o0 h(t)/t exists and is uniquely determined).

The purpose of this paper is to examine (1.1) in the time-periodic case, a situation that
more closely reflects the periodic variation of the natural environment, such as daily or seasonal
changes. We will show that the above spreading-vanishing dichotomy is retained in the time-
periodic setting, and by introducing new ideas and techniques we also determine the spreading
speed.

In most spreading processes in the natural world, a spreading front can be observed. Under
the assumption of radial symmetry and logistic growth law, if a new or invasive species initially
occupies a spherical region {|z| < ho} with density ug(|x|), then as time ¢ increases from 0, it is
natural to expect that the boundary of the initial region evolves into an invading front, which
encloses an expanding ball {|z| < h(t)} inside which the initial function ug(|z|) evolves into a
positive function governed by the logistic equation u; — dAu = u(a — fu), with u vanishing on
{lz| = h(t)}. To determine the evolution of the front {|z| = h(t)} with time, we assume as in
[12, 9] that the front invades at a speed that is proportional to the spatial gradient of the density
function u there, which gives rise to the free boundary condition in (1.1). A deduction of this
free boundary condition based on ecological assumptions can be found in [7].

The investigation of front propagation has a long history. A considerable amount of work is
based on the following diffusive logistic equation over the entire space R :

(1.3) us — dAu = u(a — bu), t > 0, z € RV,
with d, a and b positive constants. In the pioneering works of Fisher [18] and Kolmogorov et
al [23], for space dimension N = 1, traveling wave solutions have been found for (1.3). For any
¢ > ¢ :=2Vad, there exists a solution u(t,x) := W (x — c¢t) with the property that

W'(y) <0 for y € R, W(—00) = a/b, W(+o0)=0;
no such solution exists if ¢ < ¢*. The number c¢* is called the minimal speed of the traveling
waves. Fisher [18] claims that ¢* is the spreading speed for the advantageous gene in his research,
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and used a probabilistic argument to support his claim. The first well known ecological example
exhibiting a linear spreading rate in time is due to Skellam [31]. He considered the case of
spreading of muskrat in Furope in the early 1900s: he calculated the area of the muskrat range
from a map obtained from field data, took the square root and plotted it against years, and
found that the data points lay on a straight line. (Further ecological examples obeying this
linear spreading rule may be found in [30].) Skellam [31] used a linear model (i.e., (1.3) with
b = 0) and a probabilistic consideration to argue that ¢* should be the speed of spreading. A
clear description and rigorous proof of this fact were given by Aronson and Weinberger (see
Section 4 in [1]), who showed that for a new population u(t,z) (governed by the above logistic
equation) with initial distribution (0, z) confined to a compact set of x (i.e., u(0,z) = 0 outside
a compact set), one has
lim u(t,z) = a/b, lim u(t,z) =0
t—o0, |z|<(c*—e)t t—00, |z|>(c*+e€)t

for any small € > 0, where the convergence is uniform in the indicated range of . These results
have been extended to higher dimensions in [2], and extensive further development on traveling
wave solutions and the spreading speed has been achieved in several directions, in particular, to
situations of various heterogeneous environments; see, for example, [3, 4, 5, 6, 25, 32, 33] and
the references therein for more details.

Generally speaking, the Cauchy problem is the limiting problem of the corresponding free
boundary model as g — oo. This was shown in [10] in a very general setting. If u = 0,
clearly the free boundary problem reduces to a fixed boundary problem with Dirichlet boundary
conditions.

The enormous success of (1.3) nevertheless carries a shortcoming. The above conclusion for
(1.3) predicts successful spreading and establishment of the new species with any nontrivial
initial population u(0,x), regardless of its initial size and supporting area. However, this is
not supported by empirical evidences, which suggest, in the contrary, that success of spreading
is dependent on the initial size of the population; for example, the introduction of several
bird species from Europe to North America in the 1900s was successful only after many initial
attempts (cf. [30] and [26], where more examples can be found).

This defect of (1.3) can be removed if the logistic nonlinear term in the equation is replaced
by a bistable one (see, e.g., [24]), to represent an Allee effect on the growth rate of the species.
A typical bistable f(u) is u(u — 0)(1 —w) with 6 € (0,1/2). It is well known that (1.3) with a
bistable nonlinearity has traveling wave solutions only for one wave speed ¢, and the unique
solution of the Cauchy problem with large nonnegative initial ug converges to 1 with spreading
speed ¢, as t — 0o, and for small ug the solution converges to 0; see [2]. In one space dimension,
it was shown in [15] that as the nonnegative initial function wy (with compact support) is varied,
exactly three types of behavior can be observed for the unique solution u of the Cauchy problem:
limy oo u(t, ) = 0, limyoou(t,z) = 1 or limy_oo u(t, z) = v(x), where v(x) is a ground state
solution of —dv,,; = f(v) in R, namely it is positive and decays to 0 at =c0. Moreover, the third
type of behavior occurs as an exceptional case; roughly speaking, if the initial function wg is
properly parameterized by a parameter A, then this type of behavior only occurs at a threshold
value \* of the parameter.

Our results in [12, 9] and in this paper indicate that the above mentioned shortcoming of (1.3)
does not appear even with the original logistic nonlinearity, if instead of the Cauchy problem,
one uses the corresponding free boundary model to describe the spreading process. However,
in contrast to the above mentioned trichotomy of [15] in one space dimension with a bistable
nonlinearity associated with the Cauchy problem, the free boundary model with a logistic type
nonlinearity exhibits a spreading-vanishing dichotomy. Furthermore, unlike the Cauchy problem
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model in which the spreading front is represented by an unspecified level set of the solution, the
free boundary model gives a precise location of the spreading front for any given time. We note
that the important feature of (1.3), namely the spreading front invades at a linear rate in time,
is retained by the free boundary model.

We now describe the main results of this paper.
Theorem 1.1. (Existence and uniqueness) Problem (1.1) admits a unique solution (u(t,r), ( ))

1)
which is defined for all t > 0. Moreover, h € C*([0,0)), uEC’l2( ) with D = {(t,r) :
0,0 <r <h(t)}, andu(tr)>0f0rt>0and0<r< h(t), W'(t) >0 fort > 0.

Theorem 1.2. (Spreading-vanishing dichotomy) Let (u(t,r),h(t)) be the solution of (1.1).
Then the following alternative holds:
Either

(i) Spreading: lim¢ oo h(t) = +00 and
tlirn lu(t,r) — U(t,r)| = 0 locally uniformly for r € [0,00),
—00

where U(t,|x|) is the unique positive T-periodic solution of
Uy — dAU = Ula(t, |2]) = B(t, |z)U],  (t,2) € Rt x RY,
or

(ii) Vanishing: lim; oo h(t) < R* and limy— 100 ||u(t,")|lc(on)) = 0, where R* > 0 is the
unique value such that the following linear problem has a positive T-periodic solution

when R = R*:
¢ —dAp = aft,|z|)¢ fort €R! and || < R,
o = 0 fort e R and |z| = R
Theorem 1.3. (Spreading-vanishing criteria)

(a) If ho > R*, then spreading always occurs.
(b) If ho < R*, then there exists a unique u* > 0 depending on ug such that vanishing occurs
if 0 < p < p*, and spreading happens if > u*.

Let us note that, when hy < R*, since p* varies with ug, for fixed u, whether spreading or
vanishing happens depends on the size of ug.

Theorem 1.4. (Spreading speed and profile) Suppose that
lim a(t,r) = a.(t), lim B(t,r) = Bi(t)
r—00

T—00

uniformly fort € [0,T]. Then in the case of spreading, there exists a positive T-periodic function

ko(t) such that
ht) -
i M =T = . [t

Moreover, for any c € (0, ko), we have

lim max |u(t,r) — U(t,r)| = 0.

t—o0 0<r<ct

Remark 1.5. Clearly ko depends on u. If we denote ko = ko(u1) to stress this dependence, we
will show that ko(p) < 2v/@xd and limy, 400 ko(p) = 2v/@.d, where o, = T~ 1f0 o (t)dt.
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The periodic function ko(t) is uniquely determined. This will be shown by a new approach.
First, the existence of ko(t) is proved by the Schauder fixed point theorem, for a nonlinear
operator arising in the following way. Given a nonnegative T-periodic Hélder continuous function
k(t), find a positive solution U (¢,r) to

14 Uy — dUpr + k()U, = Ulas(t) — B()U],  (t,r) € R x (0, 00),
(1.4) {U(t,O)—O, Ult,r) = Ut + T, 7). tERL > 0.

If we denote by U* such a positive solution (when exists), and define an operator A acting on
nonnegative T-periodic functions by

Ak(t) = uUE(2,0),
then kg will be a fixed point of A, and hence satisfies
(1.5) ko(t) = pUko(t,0) vt € RY.

Second, the uniqueness of such ko(¢) and its dependence on the parameter u are established
by a new device, which turns out to be useful also for the study of the space-periodic case of
the free boundary model [11], and for the study of a seasonal succession model [29]. We believe
that these ideas may have further applications in related problems.

Let us note that if a T-periodic function k(t) gives rise to a positive solution U* of (1.4),
then U” can be used to generate a family of one dimensional “semi-waves” in the following way.
Define, for each constant ¢ € R,

K(t):/otk(s)ds—i—c, Vit 21) = UR(t, K () — 1),

Then V satisfies, for t € R!,
Vi — dVyyz, = Viaw(t) — B(t)V],V > 0 for x; < K(t), V(t,K(t)) = 0.

Thus as t increases, V' behaves like a wave traveling to the positive direction of x1, with the front
at 1 = K (t) moving at the T-periodic speed k(t). Since for fixed ¢, V(¢,z1) is defined only on
the half-line 21 < K(t), it makes sense to call it a semi-wave. We will also call the profile of V',
U*k(t,r), a semi-wave. U* clearly also generates a family of semi-waves traveling to the negative
direction of z1: B

V(t,z1) = Ukt 21 + K(2)).
Note that the semi-wave V generated by U* has the extra property that, at the front z; =
Ko(t) == [ ko(s)ds + c,

K(l)(t) = —puVa, (t7 KO(t))a

that is, the movement of the front of this particular semi-wave satisfies the 1-d free boundary
condition. This property of ko(¢) will allow us to construct upper and lower solutions to (1.1)
based on suitable variations of U* to determine the spreading speed.

Most of the innovations of this paper are contained in sections 2 and 4, with section 3 consisting
of extensions of earlier techniques (except Lemma 3.10), where the proofs are often brief or
omitted whenever possible. More specifically, in section 2, by introducing a completely new
approach we study the semi-waves determined by (1.4): we prove the existence and uniqueness
of ko(t), and investigate the dependence of ko(t) on a(t),b(t) and u. Section 3 is devoted to
the proof of Theorems 1.2 and 1.3, by establishing a more general version of Theorem 1.1, and
by extending many techniques in [9]. In section 4, we prove Theorem 1.4, based on our results
established in section 2, and some new techniques.

We end this section by mentioning some recent related research. In [21], some of the results of
[12] were extended to the case that the solution satisfies a Dirichlet boundary condition at = = 0
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and a free boundary condition at x = h(t), covering monostable and bistable nonlinearities. In
[19], a competition system with free boundary conditions was investigated. In [13], the results
of [12] were extended to one-dimensional free boundary problems with general nonlinear terms,
including nonlinearities of monostable, bistable and combustion types. Sharper estimate of
the spreading speed was obtained in [17] under the general setting of [13]. In [16], a general
nonlinear Stefan problem in high space dimension without any symmetric assumption on the
initial function or the free boundary was considered, and the regularity of the free boundary and
the long-time behavior was investigated; in particular, it was shown that the spreading-vanishing
dichotomy of [12] in one-space dimension remains valid in this general high dimension setting.

2. SEMI-WAVES

The main purpose of this section is to prove the existence and uniqueness of a positive T-
periodic function ko(t) so that (1.4) has a positive solution when k = ko, and it satisfies (1.5).
We also study how ko (t) varies as a,b and p change.

So we consider the following problem

Ui — dUpr + k(t)U, = Ula(t) — b(t)U], (t,r) € [0,T] x (0, 00),
(2.1) U(t,0) = 0, te0,T],
Uu,r)=U(T,r), r € (0,00),

where d > 0 is a given constant, and k, a, b are given T-periodic Holder continuous functions
with a, b positive and k nonnegative. Our first result on (2.1) is the following.

Proposition 2.1. For any given positive T -periodic functions a, b € C"’O/Q([O,T]) and any
nonnegative continuous T-periodic function k(t) in C*0/2(]0,T)), problem (2.1) admits a mazimal
nonnegative T-periodic solution U*(t,r). Moreover, either U* =0 or U* > 0 in [0,T] x (0, 00).
Furthermore, if U* > 0, then it is the only positive solution of (2.1), UF(t,r) > 0 in [0, T]x[0, o)
and UF(t,r) — V(t) uniformly for t € [0,T] as r — +oo, where V(t) is the unique positive
solution of the problem

(2.2) % — Via(t) = b()V] in [0,T], V(0) = V(T);

in addition, for any given nonnegative T-periodic function ky in C*/2([0,T]), the assumption
k1 <,# k implies

UM(t,0) > UF(,0), UM(t,r)>U"t,r) forte[0,T] and r € (0,00).
Proof. We divide the proof of this proposition into several steps.
Step 1. Problem (2.1) always has a maximal nonnegative solution U, and it satisfies

_ maxye(o,7] a(t)
2.3 Ult,r) L —————~
(2:3) (.7) minge(o 7 b(t)

Clearly 0 is always a nonnegative solution of (2.1). We show next that it has a maximal
nonnegative solution and (2.3) holds.

To this end, for any given constant ¢ > 0, we consider the following boundary blow-up
problem:
(2.4) —dupy = u{[max;epo 7y a(t)] — [mingeo 7y b(¢)]u} in (0,4),

' u(0) =0, u(l) = oco.
It is easily seen from arguments similar to those in the proof of Lemma 2.3 of [14] that, for any

¢ > 0, problem (2.4) admits a unique positive solution u¢ and u’ decreases to u> uniformly over
any bounded interval [0, R] as ¢ increases to co. Moreover, 4 is the unique positive solution of

= Cy,V(t,r) € [0,T] x [0, 00).
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(2.4) with £ = oo, and u* < Cp in [0,00). By a simple moving plane consideration we also see
that u2°(r) > 0 for r € [0,00). Clearly u* is an upper solution to the problem

¢ — dwrr + k(t)w, = wla(t) — b(t)w], (t,r) €[0,T] x (0,£),
w(t,0) = t€(0,7),
w(t,f) = (o), t

(t

w(t,r) is T periodic in .

w

(2.5)

Since 0 is a lower solution to (2.5), we find by standard upper and lower solution argument that
(2.5) has at least one positive solution U* and U’ < u*. Since the right hand side of the first
equation in (2.5) is concave in w, by a standard argument (along the lines of Step 4 below) we
find that U’ is the unique positive solution of (2.5). One may then use a simple upper and lower
solution argument to (2.5) and the monotonicity of u*(r) to deduce that U* is decreasing in £
and U* — U as £ — oo, where U is a nonnegative solution of (2.1). Clearly U < u*® < Cj.

It remains to show that U is the maximal nonnegative solution of (2.1). Let U be an arbitrary
nonnegative solution of (2.1). If U = 0 then clearly U < U. Suppose now U >,# 0. Then
U(t,r) > 01in [0,7] x (0,00) due to the strong maximum principle of parabolic equations. We
show next that U(t,r) < U(t,r) for (¢,7) € [0,T] x [0, 00).

Firstly for fixed £ > 0 we can find M > 0 large such that Mu‘(r) > U(t,r) for (t,7) €
[0,T] % [0, £). We claim that the above inequality also holds for M = 1. Otherwise let My be the
infimum of the set of M for which this inequality holds, then My > 1. Since Mou® >, # U, we can
apply the strong maximum principle to deduce that Mou‘(r) > U(t,r) and Moul(0) > U,(t,0)
for r € (0,¢) and t > 0. Since U is periodic in ¢, this implies that there exists M; < My such
that Mu’ > U in [0, T] x [0, £) for all M > M, which contradicts the definition of My. Thus we
have proved that v > U in [0,7] x [0, £). Letting ¢ — oo we deduce u> > U in [0,T] x [0,00).
It follows that U is always a lower solution to (2.5), which implies U < U in [0, 7] x [0, ], due
to the uniqueness of U¢. Letting ¢ — 0o, we deduce U < U, as we wanted. This completes the
proof of step 1.

Step 2. For any given nonnegative T-periodic and continuous function k(t), we claim that
U(t,r) > 01in [0,T] x [0,00) whenever U is a positive solution of (2.1).

We use the moving plane argument to prove the conclusion here. It follows from the Hopf
boundary lemma for parabolic equations that U, (t,0) > 0 for ¢ € [0,7]. Thus, setting

A= {)\ >0: Ut,2\—1) > U(t,r) for (t,7) € [0,T] x [0, \)
and U, (t,r) > 0 for (¢t,r) € [0,T] x [0,)\]}

we see that A contains all sufficiently small A > 0. Let A\* := sup A. We show that \* = oo,
which would imply our claim in this step.
Suppose by way of contradiction that A* € (0,00). Then

U(t,2\* —r) > U(t,r) and U(t,r) > 0 for (t,7) € [0,T] x [0, A*].
Define V (t,r) = U(t,2\* — r) for 7 € [A*,2X*]. Then

Vi — AV + k() V, = Va(t) — b(t)V] — 2k(t)Ue, € =2X" —r € [0, \*].

Now we set

W (t,r; A*) = W(t,r) = V(t,r) = U(t,r) = U(t, ) — U(t, 23* —£).
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Then W <0 for (¢,7) € [0,T] x [A*,2\*], and it satisfies
Wi — dWyy + k()W + c(t, r)W = =2k(t)U: <0,  (t,r) € [0,T] x [X*,2X%],

26) W (t, \*) = 0, t e [0, 7],
' W (t,2X*) = =U(t,2)\*) < 0, t €[0,7],
wW(0,r)=W(T,r), r € [A*, 207,
where c(t,r) := —[a(t) — b(t)(V (t,r) + U(t,r))] is a bounded and T-periodic function on [0, T] x

[A*,2)*] due to the assertion of step 1. Since W is periodic in ¢, the strong maximum principle
and Hopf boundary lemma then imply that

(2.7) W(t,r) <0 Y(t,r) €[0,T] x (\*,2X"],

and

(2.8) W, (t,\*) <0 for ¢t € [0,T].

By continuity, for all small € > 0,

(2.9) Wy (t, A"+ € X" +¢€) <0 fort e€[0,T]

and

(2.10) W(t,r; N +€) <0 V(t,r) €[0,T] x (A" 4+ €2\* + 2¢].

It follows that
U(t,2X* 4+ 2e — &) > U(t,€) for (t,€) € [0,T] x [0, \* +¢),
and since W,.(t, \* + ¢; \* 4+ €) = —2U,.(t, \* + ¢€), we see from (2.9) that
Ur(t,\" +¢) >0 Vt€[0,T].

But these facts contradict the definition of A\*. This completes the proof of step 2.
Step 3. We obtain the asymptotic behavior of positive solution U of (2.1) as r — oo.
In view of steps 1 and 2, there exists V(¢) such that

lim U(t,r) = V(t) Vte[0,T).

r—-+00

Moreover, V (t) is a positive T-periodic function. For any sequence {r,} with r, — +oo as
n — oo, we define U,(t,r) = U(t,r, + 7). Then U, solves the same equation as U but over
(0,T) x (=rp,0). Since U, < Cp, the standard regularity argument allows us to conclude that
we can extract a subsequence of {U,} (still denoted by {U,}) such that

U, — U locally in CY2([0,T] x (—00,00)) as n — 00
and U is a positive solution of

{ wy — dwyy + k() w, = wla(t) — b(t)w], (¢t,7) € (0,T) x (—o00,0),
w(0,7r) =w(T,r), r € (—00,00).

On the other hand, it follows from lim,_ 4~ U(t,r) = V(¢) that
nhﬁn;(} Un(t,r) = nlLrgO Ut,rn+1)=V(t).
This implies that

U=V.
Therefore, V' > 0 satisfies
(2.11) % — Via(t) — b(®)V] in [0,T], V(0) = V(T).

It is well known that (2.11) has a unique positive solution.
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Step 4. We show that (2.1) has at most one positive solution.

Suppose that (2.1) admits two positive T-periodic solutions U; and U,. By the conclusions
of step 3 and the Hopf boundary lemma, we can choose M > 1 such that MU, < U; < MU,
in [0, 7] x (0,00) for i = 1,2. Note that (M ~1U;, MU;) is a pair of sub- and supersolutions of
(2.1). By the sub- and supersolution argument similar to [22] on unbounded spatial domains,
(2.1) possesses a minimal and a maximal solution in the order interval [M~1U;, MU;], which
are denoted by U, and U* respectively. Therefore,

U <U; <U* in[0,T] x (0,00), i =1,2.
To obtain U; = Us, we only need to show
U, =U".
Define
o« :=inf{c € R: U* <oU, in [0,T] x (0,00)}.
Clearly o, > 1 and U* < o0,U,. To prove U* = U,, it suffices to show o, = 1. Suppose for

contradiction that o, > 1. Then for W(¢t,r) := o, U, — U* we have W > 0, W(0,r) = W(T,r),
and

Wi — dWyy + k@)W, = a(t)W — b(t)[o.(U.)? — (U*)?] > (a(t) — b(t) U)W
for (t,r) € [0,T] x (0,00), and W (¢t,0) = 0, W(t,00) = (0, — 1)V (t) > 0 on [0,7]. Thus, we
can use the strong maximum principle and Hopf boundary lemma to deduce that W > eU* in
[0,T] x [0,00) for some € > 0 small, and this implies that

U* < (1+¢e) to U, V(t,7) €]0,T] x (0,00).

This contradicts the definition of o,. Thus, it is necessary that o, = 1, and the uniqueness is
established.

Step 5. Monotonicity in k. Assume that U* is a positive solution of (2.1) and ki is a T-
periodic continuous function satisfying 0 < ki <,# k. Let U* be the maximal nonnegative
solution of (2.1) with & = k;. The conclusion of step 1 implies that any large constant C' > Cp
is a supersolution for (2.1) with k = k;, and by step 2 we see that U* is a subsolution to this
equation and UF < Cy < C. Consequently, together with the uniqueness of positive solution to
(2.1) with k£ = k;, we see that

UM > U" v(t,r) € [0,T] x (0,00).

The strong maximum principle implies that
Uk (t,r) > UR(t,r) Y(t,7) € [0,T] x (0, 00).

Moreover, the Hopf boundary lemma yields

UM (t,0) > UF(t,0) for t € [0,T].
This completes the proof of the proposition. O

Next we give a necessary and sufficient condition for the existence of a positive solution to

(2.1). We will need some results of Nadin in [27] on the principal eigenvalue of linear periodic-
parabolic operators.

For any given T-periodic functions p,q € C*/2([0,7T]), we consider the linear periodic-
parabolic operator

Lo = ¢ — dprr + q(t)dr + p(t)p for ¢ € CH2([0,T] x R),
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and the corresponding generalized principal eigenvalue A\j (L) defined by

M(L) =sup{A € R: F¢p € CH2([0,T] x R), ¢ is T-periodic,
¢ >0 and Lo > A¢ in [0,T] x R}.

By Propositions 2.3 and 2.4 of [27], if we denote by AT(L) the principal eigenvalue of

(2.12)

Lo = \o, (t,r) € 10,T] x (—n,n),
(2.13) o(t, £n) =0, te[0,7],

¢(07T) = ¢(T7 r)7 re (_na n)a
then
(2.14) AT(L) = M(L) as n — oo,

and moreover, A;(L£) corresponds to a generalized principal eigenfunction ¢; € C12([0,T] x R)
such that ¢; > 01in [0,7] x R and

{ £¢1 = )\1(£)¢1, (t,T‘) € [OvT] X Ra

(2.15) 61(0,7) = ¢1(T,7), rER.

If further we assume
1 (T
(2.16) q:= T/ q(t)dt =0,
0

then we can apply Theorems 2.7, 2.13 and Proposition 2.14! of [27] to obtain the following result.

Proposition 2.2. If (2.16) holds, then the principal eigenfunction of (2.15) can be chosen to
be a positive function which is T-periodic in t and independent of r.

Thus when (2.16) holds, we can choose ¢; = ¢1(t), and obtain from (2.15)
¢1 +pt)dr = M (L)1, ¢1(0) = ¢ (T).
It follows easily that
(2.17) M(L) =P, d1(t) = ¢ (0)eloPplNds,

We are now ready to obtain a necessary and sufficient condition for (2.1) to have a positive
solution.

Proposition 2.3. Under the assumptions of Proposition 2.1, problem (2.1) admits a positive
solution U € CY2([0,T] x [0,00)) if and only if a > EQ/(ALd).

Proof. Write

k(t) = T+ B(2), so /Tk:(t)dt:().
0

Then take
N POE-
alt) = k() plt) = 3 + 55H(1) — a(t)
in the operator £. Clearly Proposition 2.2 applies and thus
-2
k
)\ = D= ——a
(L) =p=~a

IThe proof of Proposition 2.14 in [27] contains a gap (the function Q*(t, ) defined at the end of page 286 in
[27] may not be a constant in general), and it is unclear whether all the conclusions in this proposition hold true
as stated. However, it is easy to use the ideas in [27] to show that the conclusions hold for the special case used
in this paper here.
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Firstly we show that when @ > 5 /(4d), (2.1) has a positive solution. In this case, we have
M (L) < 0. By (2.14), for all large n, A\T(L£) < 0. Let ¢"(¢,r) be the corresponding positive

eigenfunction of A\ (L), and define " (t,r) = e%rgzﬁ"(t, r —n). Then a simple calculation shows

Pt ) — AU (8, r) + KDY (L) — a(t)"(t,r) = 387 L™ (¢, 7 — n),
and thus
U — Ay, 4 k(D — a(tn = XL, (tr) € [0,T] % (0,2n),
(2.18) Y"(t,0) = Y™ (t,2n) =0, te[0,7],
¥(0,7) = "™(T,r), r € (0,2n).
We now fix n such that A7(£) < 0, and then choose €y > 0 sufficiently small so that egy™ < Cp
on [0,7] x [0,2n]. Denote
U— ey, (t,r) €[0,T] x [0,2n],
= 1 0, (t,r) € [0,T] x (2n,00).
Then U is a subsolution of (2.1) for all sufficiently small € € (0, ¢y]. For every C' > Cj clearly
U = C is a supersolution to (2.1). Evidently
U<C Y(tr)el0,T] x[0,00).

Therefore, it follows from the sub- and supersolution argument (see, e.g. [22]) that (2.1) admits
at least one nontrivial nonnegative solution, which is the unique positive solution of (2.1) due
to Proposition 2.1.

Next we show that (2.1) does not admit a positive solution when @ < 5 /(4d). In this case, we
have A\;(£) > 0, and by Proposition 2.2, there is a positive T-periodic function ¢;(¢) satisfying

Lo = M (L)1
Define _
U (t,7) = €317 (1)
then one easily checks that
(V1) = d(Wh1)rr + k() (1)r — a(t)thr = M (L)1
Since k > 2v/ad > 0, we have
Y1(t,r) — +oo uniformly on [0,7] as r — +o0,

and

P (t,r) > tg[lg,rql“} ¢1(t) > 01in [0,7T] x [0,00).

Suppose by way of contradiction that (2.1) admits a positive solution U. Then we know from
step 1 in the proof of Proposition 2.1 that

U < Cy for (t,r) € [0,T] x [0, 00).
Define the set
Y ={r€(0,00): Tp1(t,r) > U(t,r) for (¢t,r) €[0,T] x [0,00)}.

Clearly 3 # () and it is relatively closed in (0,00). We are going to show that ¥ is also open.
Assume that 79 € ¥. Then, 79101 > U. The fact that ¢(¢,r7) — +o00 as r — oo uniformly for
t € [0,T] enables us to find a large k9 > 0 and a small ¢y > 0 such that (79 — €)yy > U for
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(t,r) € [0,T] x [ko,00) for all € € (0,€e0]. Let Z = 19101 — U. Since A\ (L) > 0, we see that for
(t,r) € [0,T] x (0,K0) and T > 0,

(T91)¢ — d(T1)rr + k(8) (T1)r — a(t)(7901) 4 b(t) (T401)* > Ai(L)(T41) > 0.

Moreover, simple calculations yield

Zy — A2y + k() Zp + ¢(r,t)Z >0, (t,r) € (0,T) x (0, ko),
Z(t,0) > 0, t € (0,7),
Z(ta HO) > Oa le (07T)a
Z(0,7r)=Z(T,r), r € (0, ko)

where ¢ = —[a(t) — b(t)(10¢1 + U)] is a bounded T-periodic function on [0,7] x [0, ko]. Hence,
the strong maximum principle concludes that there is a positive constant ¢; < ¢y such that
Z > e1yn V(t,?‘) S [O,T] X [0, Iio].
As a consequence, we have that
(TO - 6)7/}1 >U V(t,’l“) € [OaT} X [0,00)

for all € € (0,€1]. This clearly indicates that ¥ is an open subset of (0, 00).

The above arguments imply > = (0, 00) and hence the inequality

T1(t,r) > U(t,r) for (t,r) € [0,T] x [0, 00)

holds for 7 € (0,00). This contradicts the fact that U is positive. The proof of Proposition 2.3
is complete. ]
We are now in a position to state and prove the first main result of this section.

Theorem 2.4. Under the assumptions of Proposition 2.1, for each p > 0, there exists a positive
continuous T-periodic function ko(t) = ko(u,a,b)(t) > 0 such that pUr(t,0) = ko(t) on [0, T].
Moreover, 0 < ko(u,a,b) < 2v/ad for every p > 0.

Proof. Set

E = {keC™/?(0,T)): k>0, k(0) = k(T)}.
Define the operator A by
Ak = pUF(-,0), k€ E,

where U* is the unique maximal nonnegative solution of (2.1) proved in Proposition 2.1.

We first observe that if £ = 0, then U is a positive solution to (2.1). Indeed, when k = 0,
a>0= EQ/(ZLd) and Proposition 2.3 infers that U > 0. Thus, by the Hopf lemma,

A(0)(t) = pUL(t,0) > 0 for t € [0,T).

We now denote k* = A(0) and Ey = {k € E: 0 < k(t) < k*(t) for t € [0,T]}. Then, by
Proposition 2.1, it is obvious that A maps Ej to itself. In the following, we are going to show
that A is a continuous operator on Ey and maps Ey into a precompact set. This will enable us
to reach a setting for applying the Schauder fixed point theorem to obtain a fixed point of A.

We first prove that A is continuous. Assume that k, € Ey and k, — k in C*/2([0,T]) as
n — oo. Clearly k € Ey. We need to prove

A(ky,) — A(k) in C/%([0,T]) as n — oc.
To obtain this, we first prove

U — U* locally in C12(]0,T] x [0,00)) as n — oc.
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Since Ukn satisfies (2.1) with k replaced by k, and 0 < U*» < (p, using standard regularity
theory for parabolic equations (up to the boundary), we see that there is a subsequence of U*"
(still denoted by {U*"}) such that

UM — Z locally in CH2([0,T] x [0,00)) as n — oo,

where Z is a nonnegative solution to (2.1).

We now claim that Z = U*. If Z > 0, then our claim is true by the uniqueness of positive
solution to (2.1). If Z = 0, we will show U* = 0 and so Z = U*. We will use an indirect argument
and suppose that UF is a positive solution of (2.1). Then, by Proposition 2.3, B < 4ad and so
we can find a small €* = €*(k,a) > 0 such that

(k4 €")? < 4ad.
Therefore, we can apply Proposition 2.3 to conclude that (2.1) with &k replaced by k + €* admits
a unique positive solution U**¢". On the other hand, since k,, — k uniformly on [0, 7], we can

find a large n* = n*(k,a, €*) > 0 such that k, < k+¢€* for all n > n*. It follows from Proposition
2.1 that for each n > n*, (2.1) with k£ = k,, has a unique positive solution Uk and

Ukn > UF" for all n > n*.

This contradicts the fact that U*» — 0 as n — oo locally in C12([0, T] x [0, 00)).
We have thus proved that

Urn — U locally in C12(]0,T] x [0,00)) as n — oo.
The regularity of parabolic equations then implies
Ukn — U* locally in C1+0/224%0([0,T] x [0,00)) as n — oo.

This implies that
A(ky) — A(k) in C™0/2([0,T]) as n — oo,
and so A is continuous.

We show next that A(Ep) is precompact. Let {k,} be a sequence in Ey. Denote U™ (t,r) =
Ukn(t,7). Then

A(ka)(£) = pU (1,0) .

Since

0 < kn(t) < k*(t), 0 < U™(t,r) < Ut,7),
we find that k, and U™ both have an L*° bound that is independent of n. Thus we can apply
the LP theory to the equation of U™ to conclude that for any p > 1, {U™} is a bounded set in
Wp1 ’2(K ) for any compact subset K of [0,7] x [0, 00). Hence by passing to a subsequence we may
assume that U™ — U* locally in C(3+%0)/2.14%0 ([0, T x [0, 00)). In particular, A(k,) — pU}(t,0)
in C*0([0,T]). This shows that A(Fjp) is precompact in C*0/2(]0, T7).

Let E; denote the closed convex hull of A(Ep). Then F; is compact and convex. Since Ej is
convex and closed, and A(Ey) C Ey, we have Fy C Ey and hence A(E;) C A(Ey) C Ej.

Now E| is a compact convex subset of C*0/2([0,T]), A maps E; into itself and is continuous.
Thus we can apply the Schauder fixed point theorem to conclude that there exists kg € E1 such
that A(kg) = ko. Since A(0) = pU2(t,0) > 0, we find that kg # 0. Thus U* must be a positive
solution and by the Hopf boundary lemma, ko(t) = U (¢,0) > 0 on [0, T]. By Proposition 2.3,
we deduce ko < 2v/ad. This completes the proof. ]

Theorem 2.5. The T-periodic function ko(t) given in Theorem 2.4 is uniquely determined by
a(t), b(t) and u.
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Proof. Using the notations of the proof of Theorem 2.4, for fixed a,b and p > 0, we assume
that

ki(t) = pUro(t,0) in [0, 7] for i = 1,2.

We will show that k:Tl) = kig implies k} = k2, and k:Tl] # kig leads to a contradiction. This will be
done in three steps below, with the above two facts proved in steps 1 and 2 respectively, under
the assumption of a fact to be proved in step 3.

Step 1. kcl) = k:2 implies ko = k:o

Denote K'(t fo kj(s)ds and suppose that Kl = k‘2 Then K(t) := K'(t) — K3(t) is a
T-periodic functlon satisfying K(0) = K(T) = 0. If K =0, then clearly k} = k2, as we wanted.
If K # 0, we are going to derive a contradiction. In such a case, clearly there exists to € (0,7

such that Cp := max;eg K(t) = K(top + nT) > 0, where n = 0,41, 42, .... It follows that
K'(t) < K2(t) + Cp for all t € R and K (tg +nT) = K2(tg +nT) + Co. Hence

(2.19) kb(to 4+ nT) = k2(to +nT).
To derive a contradiction, we consider the functions

Vit r) = URo (¢, K2 (¢) — r) and V2(¢,7) := URS (¢, K2(t) + Cy — r).
One easily checks that

Vi —dvl =a(t )vl —b)(VH2, V>0, teR,rec(—oo,K\(t),
(2:20) R AT A
and
V2 —dV2 =at)V2—=b(t)(VH?, V2 >0, teR, re (—oo, KX(t)+ Cp),
(2.21) V2(t, K2(t) + Cp) = 0, t € R,

k2 (t) = —uV2(t, K2(t) + C), teR.
Set W (t,r) := V2(t,r) — V(t,r) for (¢,7) 6 D:={(t,r) €eR?:tc R, r € (—oo, K'(t))}. Then
clearly W (t,r) >, 0 on 0D with W (to, K'(tp)) = 0. We will show in Step 3 that this implies
W > 0in D, and W,.(to, K'(to)) < 0, that is
Vi(to, K'(to)) > V2(to, K*(tg) 4+ Cp), which leads to k{(to) < k2(to),

a contradiction to (2.19). Thus the conclusion of Step 1 will follow if we can show that
W, (to, K*(tg)) < 0. This will be done in Step 3 below.

Step 2. k:l % k:2 leads to a contradiction. -

Without loss of generality, we assume that ké > k;g. Then

Kl K2 .

(2.22) lim ®) _ =k} > lim ® _ k3.

t—too t%:l:oo t
This, together with K1(0) = K?2(0) = 0, implies that the curves r = K!(¢) and r = K?(t) has
an intersection point (tg, o) with the smallest ¢ty value, namely

K(t) < K2(t) for t < to, K*(to) = K*(to).

It follows that
(2.23) (K'Y (to) > (K*)'(to)-

Define V! as in Step 1, and let V2(¢,r) := U (t, K2(t) — r), W(t,r) := V2(t,r) — Vi(t,r)
for (t,7) € Do := {(t,r) € R? : t € (—00,t0],7 € (—o0, K(t))}. Then it is easily seen that V'
and V2 satisfies (2.20) and (2.21) respectively, except that in (2.21), Cy should be replaced by
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0. Moreover, W > 0 on dDqg \ {(t,7) : t = to} and W (tg,r9) = W (to, K'(tg)) = 0. By Step 3
below, we have W > 0 in Dy and W, (tg,r9) < 0, which implies that

(K (to) < (K*)(to)-

But this is in contradiction to (2.23). This completes the proof of the conclusion in Step 2,
except that it remains to prove Step 3.

Step 3. Let W be as in Steps 1 and 2, then W > 0 in D and Dy respectively, and
Wr(t[), Kl(to)) < 0.

We consider the case in Step 1 first. To simplify notations we write Uy = U k5 and Us = Uk .
Let us recall that, by Proposition 2.1, for ¢ = 1,2, (U;),(¢,0) > 0 in [0,T], U;(t,r) increases in
r and U;(t,r) — V(t) uniformly in ¢ € [0,7] as r — oo, where V() is a positive T-periodic
function. Hence we can find a positive constant cg > 0 such that Ua(t,r) > coUi(t,r). From
K2(t) + Cy > K'(t) and the monotonicity of Us in 7, we thus deduce

V2(t,r) > coVi(t,r) for all t € R,r < K (t).

Define
¢t =sup{e>0:V2(t,r)>cVit,r)Vt e R, Vr < K'(t)}.

We clearly have ¢* > ¢y > 0. Since V(t,r) — V(t) as r — —oo, we also have ¢* < 1. Thus
0<c¢*<1and

W*(t,r) = V2(t,r) — V(t,r) > 0Vt € R, Vr < K ().
Using 0 < ¢* < 1, we easily deduce from (2.20) and (2.21) that

(2.24) Wi —dWr +c(t,r)W* >0, teR, r<K(t),
' WH(t, KX(t)) >, # 0, teR,
where c(t,7) = —a(t) + b(t)[V3(t,r) + c*V1(t,r)]. Thus we can apply the strong maximum

principle to (2.24) to conclude that the nonnegative function W* is positive in D = {(¢,) :
t € R, r < K't)}. Since W*(tg, K!(to)) = W(to, K*(to)) = 0, the Hopf lemma infers that
Wi (to, K(to)) < 0. If we can show that ¢* = 1, then W* = W and the required fact is proved.

We use an indirect argument to show that ¢* = 1. Suppose by way of contradiction that
0 < ¢* < 1. Then by the definition of ¢*, for any sequence of positive numbers ¢, — 0, there
exists (t,,r,) € D such that

(2.25) V2 (tn,rn) < (¢* + en)V ity rn) Yo > 1.

We may write t, = m,, T + t, with m,, an integer and ¢,, € [0,T]. By passing to a subsequence,
we may assume that £, — ¢ € [0, T]. We claim that K!(t,) —r, has an upper bound independent
of n. Otherwise by passing to a subsequence we may assume that K'(t,) —r, — oo as n — oo.
Then
K2(ty) +Co — 1 > K(t,) —rp — 00
and hence, for i = 1,2,
Vi(tn,rn) — V(1)

as n — oo. It follows that

V() < V() < V().

This contradiction proves our claim. Thus by passing to a subsequence we may assume that
K(ty) — 7y — 7 €[0,00). Then

K2(ty) + Co — rn = K (ty) — 1n — K(Ip) + Co — 7 — K () + Co
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and from (2.25), we deduce
Us(t, 7 — K(I) + Co) < ¢*UL(E,7),

that is, W*(¢ ,Igl( ) —7) < 0. Since W* > 0 in D, we necessarily have # = 0, W*(t, K'()) = 0
and W (¢, K'(t)) < 0. By continuity we can find positive constants ey and 60 such that

W (t, K'(t)) < =200 Vt € [t — €, T+ €.

This implies that

W (tn,rn) = W*(tn, ) > o[ K (£n) — 7] for all large n,
where

P = KY(tp) + 7 — K (t,) — K'(f) as n — oo,

due to # = 0 and %, — t. On the other hand, from V!(t,K'(t)) = 0 and V}(t, K1(t)) =
—(U1)r(t,0) < 0 we find that

Vitn,rn) = Vi, 7n) < Mo[KY(t,) — 7] for all large n,

where My = max;c(o.71(U1):(t,0). Thus for all large n,

V2t00r) 2 V) + Bl ) = ] = (¢4 ) V)
0

But this is in contradiction to (2.25). This proves ¢* = 1 and thus W > 0in D and W,.(to, K'(t9)) <
0, as required in Step 1.
The proof of the conclusion required in Step 2 follows a similar consideration. This time we
define
¢ =sup{c > 0:V2(t,r) > cVi(t,r) Yt < tg, Vr < KX(1)}.
We similarly have ¢* > ¢g > 0 and ¢* < 1. Thus
W*(t,r) = V2(t,r) — V(t,r) > 0Vt < to, Vr < K1(2).

Using 0 < ¢* < 1 and K2(t) > K!(t) for t < ty, we easily deduce

(2.26) Wi —dWr +c(t,r)W* >0, t<ty, r<Kt),
' W*(t, K(t)) > 0, t < to,
where c(t,7) = —a(t) + b(t)[V3(t,r) + c*V1(t,r)]. Thus we can apply the strong maximum

principle to (2.26) to conclude that the nonnegative function W* is positive in Dy = {(¢,r) :
t < to, 7 < K(t)}. Since W*(to, K'(to)) = Wi(to, K'(to)) = 0, the Hopf lemma infers that
Wi (to, K1(to)) < 0. If we can show that ¢* = 1, then W* = W and the required fact is proved.

Suppose by way of contradiction that 0 < ¢* < 1. Then by the definition of c¢*, for any
sequence of positive numbers €, — 0, there exists (t,, ) € Do such that (2.25) holds. We may
write t, = m,T + t,, with m,, an integer and ¢, € [0,T]. By passing to a subsequence, we may
assume that ¢, — t € [0,7]. We claim that ¢, has a lower bound that is independent of n.
Otherwise, by passing to a subsequence we may assume that t,, - —oco as n — oo. Then from
(2.22) we deduce K2(t,) — K'(t,) — +o00 as n — co. It follows that

V2(tna7”n) = U2(£n7K2(tn) - Tn) > U2(£nuK2(tn) - Kl(tn)) - V(f)
as n — co. On the other hand
Vitn, ) = Ui(tn, KX (ty) — 1) < V() — V(#)

as n — oo. Thus letting n — oo in (2.25) we deduce V() < ¢*V () < V(#). This contradiction
proves our claim. Hence we may assume, by passing to a subsequence, that ¢, — £ € (—oo0, to].
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We can now easily see that r, has a lower bound independent of n, for otherwise we may assume
that r, — —oo, which leads to

Vi(tn,rn) — V (1), V(E) < V() < V(D).
Thus we may assume that 7, — 7 € (—oo, K'(f)] as n — 0o. Letting n — oo in (2.25), we deduce
V2(t,7) < VIt #), that is W*({,#) < 0. Since W* > 0in DU {(t,r) : r = K'(t),t < to},
we necessarily have (£,7) = (to, K'(tg)) and W*(tg, K'(to)) = 0. By the Hopf lemma we have
W (to, K(to)) < 0, and we can then derive a contradiction to (2.25) as before.
The proof is now complete. U

Theorem 2.6. The unique positive T-periodic function ko(t) = ko(p, a,b)(t) in Theorem 2.5 de-
pends continuously on a(t),b(t) and p; namely, if a, — a in C*/2([0,T)), b, — b in C*/2([0,T])
and i, — @ as n— oo, with a,b, u as in Theorem 2.4, then ko(fin, an,bn)(t) — ko(p, a,b)(t) in
Cv/2([0,T)).

Proof. Let a, — a, b, — b and u,, — u be as given in the theorem. To simplify notations we
write ky, () = ko(in, an, by)(t), U™(t,7) = Uk~ (t,r). Thus

a(t) = jaU(,0) V.
From the proof of Theorem 2.4 we know that
kn(t> S IUTLUB(t?O)a Un(t,T) S Uo(t,T>.

It follows that k, and U™ both have an L* bound that is independent of n. Thus we can apply
the LP theory to the equation of U™ to conclude that for any p > 1, {U™} is a bounded set in
W, (K) for any compact subset K of [0, 7] x [0, c0). Hence by passing to a subsequence we may
assume that U™ — U* locally in C1+0)/214%0([0, T] x [0, 00)). We may also assume k, — k.
weakly in L2([0,T]). Then it is easily seen that U* is a weak solution of (2.1) with k replaced

by k.. Clearly U* is nonnegative, and by the strong maximum principle it is either identically
0 or is a positive solution. We also have

ke (t) = pnUT(t,0) — pUZ(£,0) in C*/2([0,T]).

Thus k. (t) = pU(t,0) and k,, — k, in C*/2([0,T]). If U* = 0, then k, = 0 and hence k,, — 0
in C*0/2([0,T]). Hence for all large n, k,, < ¢, where € > 0 satisfies € < 21/(@/2)d. We may also
assume that a,(t) > a(t)/2 and b, (t) < 2b(t) for all such n. It then follows from the comparison
principle that for all large n, U™ > U,, where U, denotes the unique positive solution of (2.1)
with (k, a, b) replaced by (e,a/2,2b). It follows that

kn(t) = paUy (t,0) 2 pin (Us)r (¢, 0) = p(Us)r (2, 0) > 0.

This contradiction shows that U* = 0 cannot happen. Therefore U* > 0 and k. = pUj(¢,0).
By Theorem 2.5, we necessarily have k.(t) = ko(i,a,b)(t). Thus k,(t) — ko(u,a,b)(t) in
C%/2([0,T)). This implies the continuity of ko(u, a,b) on (u,a,b). O

Finally in this section, we study the dependence of ko(u, a, b)(t) on p. Since a(t) and b(t) are
fixed, we write ko(p) = ko(u, a,b). We will show that ko(u) is increasing in p and

(2.27) ko(p) = 2Vad.

lim
U—>00
In order to prove (2.27), we consider the following variant of (2.1):
Ui — dU,y + min{k(t), M}U, = Ula(t) — b(t)U], (¢,
(2.28) U(t,0) =0, t € 10,77,
U,r)=U(T,r), rec
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where d and M are given positive constants, and k, a, b are given T-periodic Holder continuous
functions with a, b positive and k nonnegative. For convenience, in the following we will use the
notation

EM(t) := min{k(t), M}.

Recall that (2.28) has a unique maximal nonnegative solution U kM, and it is positive if and only
if kM < 2+v/ad.

We have the following result.
Proposition 2.7. Under the above assumptions for (2.28), for each u > 0 and M > 0, there

exists a positive continuous T-periodic function k(t) = l}:ﬂ(t) such that uU,’,%M (t,0) = k(t) on
[0,T]. Moreover,

0 < kM < 2Vad, and when M > 2v/ad, lim EM = 2vad.
U—>00

Proof. The existence of k can be proved by a simple variation of the proof of Theorem 2.4.
We define the set E as before but replace the operator A there by

Ayk = pUF" (-,0), k € E.

Since k, — k in C*0/2(]0,T]) implies kM — kM in C*0/2([0,T]), one easily sees that all the
arguments in the proof of Theorem 2.4 for the operator A carry over to Ap;. Thus Aps has a

fixed point k(t). By Proposition 2.3 we know that EM < 2v/ad.
To find the limit of &M as 1 — 00, we let u, be a sequence of positive numbers increasing to

~ ~ .M
oo as n — 00, and ky, a corresponding T-periodic function satisfying k() = unUf" (t,0). To
simplify notations, we will write

kn, = lz:n and U™ = U’A"T]Lw.

Since kM and U™ both have an L* bound that is independent of n, we can apply the LP theory
to conclude that for any p > 1, {U™} is a bounded set in VV]D1 ’2(K ) for any compact subset K
of [0,7] x [0,00). Hence by passing to a subsequence we may assume that U" — U* locally in
C0+0)/214v0 ([0, T] x [0,00)). We may also assume kM — k, weakly in L?([0,T]). Then it is
easily seen that U* is a weak solution of (2.28) with kM replaced by k.. Clearly U* is nonnegative,
and by the strong maximum principle it is either identically O or is a positive solution. If U*
is a positive solution, then we can use the Hopf lemma again to deduce Uj(t,0) > 0, and
hence k,(t)/pn = U™(t,0) — UZ(t,0) uniformly in [0, 7], which implies that kM = M for all
large n. Since M > 2v/ad, we can apply Proposition 2.3 to conclude that U" = 0 for all
such n. This contradiction shows that we necessarily have U* = 0. Thus U" — 0 locally
in C1+%0)/214%0 ([0, T] x [0,00)). We will show in the following that this fact implies that
k. = 2v/ad, and it is clear that the required limit for kM is an easy consequence of this fact.
Set

V™ (t,r)=U"(t,r)/U"(T/2,1).
Clearly V"(T/2,1) =1, V™(t,r) > 0 in [0,T] x (0,00), and
V;fn - d‘/r?}“ + ké\/f‘/;n = (a - bUn>Vn7 (ta 7") € [07T] x (0,00),

Vn(t,0) =0, tel0,T),
Vo, r) =V™(T,r), r € (0,00).
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Since kM and (a — bU™) both have an L* bound that are independent of n, we can apply the
Harnack inequality to V™, noting that it is T-periodic in ¢, to obtain

V™ (t,r) < Cgfor (t,r) € [0,T] x [1/2,1+ R],

where CR is a constant depending on R but independent of n. By Proposition 2.3 we know
that U™ and hence V" is monotone increasing in r, and hence the above estimate also hold
n [0,7] x [0,1/2]. Thus we may apply the LP estimates to the above equation for V" and
the embedding theorem to conclude that, by passing to a subsequence, V"* — V locally in
C(+0)/2.140 ([0, T] x [0,00)), and V satisfies V > 0, V(T/2,1) = 1 and

Vi —dVir + ki Vi =aV, (t,r) €[0,T] x (0,00),
V(t,0) =0, te0,7T],
V(0,r)=V(T,r), r € (0,00).
By the strong maximum principle we must have V' > 0 in [0,7] x (0,00), and hence V,.(t,0) is

a positive T-periodic function in C*° ([0, T7).
Denote &, = [u,U™(T/2,1)]7t. Then

(2'29) gnkn(t) = gnluann(t 0) = Vn(t O) -V (t 0)
in C([0,T)). By passing to a further subsequence, we have three possibilities for the sequence
{&t (1) & — 0, (i) & — oo, (iii) & — co > 0.

If case (i) h appens, by (2.29) we deduce

kn(t) = &, 1V™(t,0) — 400 uniformly in [0, 7],

which implies that kM = M for all large n, and hence U™ = 0 for such n, a contradiction. If

(ii) happens we deduce k,, — 0 in C*°([0,T]) and if (iii) happens we deduce ky(t) — c; ' V;(t,0)
in C*([0,7]). Thus in either case (ii) or (iii), we have kM — k, in C*([0,T]). We may now
use the argument leading to the continuity of the operator A in the proof of Theorem 2.4 to see
that U™ — U locally in C%2([0,T] x [0,00)). Since we already know that this limit is 0, we
thus have U+ = 0, and by Proposition 2.3, we deduce k, > 2v/a@d. On the other hand, from
kzﬁ/f < 2v/ad we deduce ky < 2v/ad. Thus we necessarily have k. = 2@, as we wanted. The
proof is now complete. O
We are now ready for the last main result of this section.

Theorem 2.8. The unique positive T-periodic function ko(t) = ko(p)(t) in Theorem 2.5 has the
following properties:

ko(p) is increasing in p and li_}rn ko(p) = 2Vad.
—>00

Proof. We first prove that 1 < pg implies ko(p1) < ko(ue2).
Arguing indirectly we assume that ko(u1) > ko(u2). To simplify notations, we write

ko (t) = ko(pa)(t), K§(t) = ko(k2)(?).
To derive a contradiction, we can now argue exactly as in the proof of Theorem 2.5, the only
minor difference occurs in the reasoning from W, (tg, K'(t9)) < 0 to k}(to) < k2(to). We now
argue as follows.
From W, (tg, K'(ty)) < 0 we obtain

k2 kg
Ur°(to,0) > U, (to,0).

Hence, due to p1 < pa, we have

kl
kg (to) = MzUr (to, 0) > MlUr (7507 0) > Uy (to, 0) = ki (to)-
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Next we prove that for any fixed p > 0 and M > 0,

(2.30) kM < Ko(p),

where l;:“(t) is given by Proposition 2.7. Since we always have ko(u) < 2v/ad, the required limit

for ko(p) is a consequence of (2.30) and Proposition 2.7.

We again argue by contradiction. Suppose that 1%&/ > ko(u). For convenience we write

~

lo(t) = ki (1), kolt) = ko(p)(t), U(t,r) = UMY (t,7), Uplt,r) = U*(t,r).
Define

K(t) = /0 M (s)ds, Ko(t) = /O ko(s)ds.

Then from kM > ko we find, as in Step 2 of the proof of Theorem 2.5, that there exists ¢y such
that

K(t) < Ko(t) for t < to, K(to) = Ko(to).
It follows that
(2.31) K'(to) > Kj(to).
We now follow the proof of Theorem 2.5 again to derive a contradiction. Define
Vit,r)=U(t,K(t) —r), Vi(t,r) = Us(t, Ko(t) — ),
and
Wi(t,r) =V2(t,r)—Vit,r).
Then the same arguments used in Steps 2 and 3 of the proof of Theorem 2.5 yield

Wr(to, R(to)) < 0,

that is
Uy (to,0) < (Uo)r(to,0).
Since
K'(to) = kM (to) < k(to) = nUy(to, 0)
and

Kj(to) = ko(to) = u(Uo)r(t0,0),
we immediately deduce
K'(to) < K{(to).
But this contradicts (2.31). Therefore (2.30) holds, and the proof is complete. O

3. THE SPREADING-VANISHING DICHOTOMY

In this section we establish the spreading-vanishing dichotomy. The approach follows [9]. So
some of the proofs are sketchy or omitted. For future applications, sometimes we consider a
more general class of problems by replacing the special nonlinear term in (1.1) by a function
g(t,r,u) with the following properties:

(i) g(t,r,u) is Holder continuous for (¢,r,u) € [0,00) x [0,00) X [0, 00),
(ii) g(t, r,u) is locally Lipschitz in u uniformly for (¢,7) € [0,7] x [0, c0),
(iii) there exists ¢* > 0 such that

g(t,r,u) < c*u V(t,r,u) € ]0,T] x [0,00) x [0, 00).

(3.1)
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We consider the radially symmetric free boundary problem

up — dAu = g(t, r,u), t>0,0<r<hl(t),
52 ur(£,0) =0, u(t, h(1) =0, >0,
. h/(t) = _Mur(ta h(t))v >0,

h(O) = Ev U(O,T) = ’LL()(T), 0<r< Ea

where Au = uy, + X1, ug € C%([0, R]) and ug(r) > 0 in [0, R), uf(0) = uo(R) = 0. We have
the following theorem:

Theorem 3.1. For any given g satisfying the conditions in (3.1), problem (3.2) admits a unique
solution (u,h) defined for all t > 0. Moreover h € C1([0,0)), u € CY2(D) with D = {(t,r) :
t>0,0<r<h(t)}, and h'(t) >0 fort >0, u(t,r) >0 fort >0 and 0 < r < h(t).

Proof. The proof is a simple modification of that for Theorem 4.1 in [9]. So we only briefly
describe the main steps.

Step 1. The local existence and uniqueness of positive solution of (3.2).

This step can be obtained by exactly the same argument used in the proof of Theorem 4.1 in
[9], as the special nonlinearity in [9] was not needed in the proof there.

Step 2. The local solution can be extended to all t > 0.

To show this conclusion, we need the following estimates: if (u, h) is a solution of (3.2) defined
for t € (0,Ty) for some Ty € (0, 00), then for any given T' > Tp, there exist constants C; and Co
depending on 7" but independent of Ty € (0,7") such that

(3.3) 0<u(t,r)<Cp, 0<h/(t)<Cy for 0 <t <Ty, 0<r<h(t).
To find Cy, we use g(t,r,u) < ¢*u and the comparison principle to obtain

(3.4) u(t,r) < a(t) = ||luolloce’t,
and hence we may take C; := ||ug||oce T

To find Cy, we use the same construction as in the proof of Lemma 4.2 in [9], with some
obvious modifications.

The rest of the proof is the same as in [9].

Step 3. The solution of (3.2) exists and is unique for all ¢ > 0.

This conclusion can be proved by exactly the same argument used in the proof of Theorem
4.3 in [9]. 0

Clearly, Theorem 3.1 implies that » = h(t) is increasing in ¢, and thus there exists hoo €
(0, +00] such that limy— 400 A(t) = heo.

For a given positive T-periodic function a € C*0/270(R x [0,00)), it is well-known that the
eigenvalue problem

¢t - dA¢ = )\Ck(t, ‘.’E’)(b in [O7T] X BR7
(3.5) 6 = 0 on [0,T] x OB,
#(0,2) = (T, z) for x € B

possesses a unique positive principal eigenvalue A = A\j(d, a, R, T'), which corresponds to a pos-
itive eigenfunction ¢ € C12([0,T] x Bg) (see, for example, Proposition 14.4 of [20]). Moreover,
©(t, x) is radially symmetric in = and this fact is a consequence of the moving-plane argument
in [8].

In what follows, we present some further properties of A\ = A\;(d, o, R, T).

Lemma 3.2. Let a(t,r) be a function satisfying (1.2). Then A\1(d, o, -, T) is a strictly decreasing
continuous function in (0,00) for fized d, o, T, and M\1(d,-, R,T) is a strictly decreasing function
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in the sense that, \i(d,a1,R,T) < M(d,ae, R,T) if the two positive T-periodic continuous
functions a1, ag satisfy ay >,% ag on [0,T] x Br. Moreover,
(3.6) lim \(d,o,R,T) =400, lim A (d,a,R,T)=0.

R—+o00

R—0+

Proof. The continuity of A\ (d, o, -,T") with fixed d, & and T can be obtained by using a simple
re-scaling argument of the spatial variable 7, which also gives the monotonicity of A\;(d, «, -, T).
The proof of the monotonicity of \i(d, -, R,T) is folklore. We present a proof for completeness.

Assume that oy, as are given positive T-periodic continuous functions and satisfy ay >, % ao
on [0,T] x Bg. Let ¢1 be the corresponding eigenfunction of A\;(d, a1, R, T'). From [20], it follows
that \1(d, ag, R,T) is the principal eigenvalue of the adjoint problem

1y —dAY = Aag(t,|z|)y in [0,T] x Bg,
(3.7) v = 0 on [0,T] x OBg,
P(0,2) = Y(T,x) in Bp.
Furthermore, (3.7) has a T-periodic positive eigenfunction 9 corresponding to Ai(d, ag, R, T).

Now, we multiply the equation of ¢; by 12 and the equation of 15 by ¢1, integrate over (0,7")x Br
and then subtract the resulting identities to obtain that

T T
A1 (d, OélvR,T)/ / a1 = A (d, a?aRaT)/ / P12,
0 BR 0 BR

which obviously implies

(3.8) Al(d, Oél,R,T) < Al(d, OéQ,R,T).
We now prove (3.6). It follows from condition (ii) in (1.2) and (3.8) that
(3.9) A1(d, 1[161’2% ko, R, T) < \(d,o, R, T) < Al(d,l[r&ij{]l k1, R, T).

It is also easy to see that Ai(d, minjg 71, R, T) and Ai(d, maxj g k2, R,T) are the principal
eigenvalues of the elliptic problems

—dAy = A[%liTr}l k1]Y in Br, % =0 on 0Bg

and
—dAY = )\[r[g%(/fg]w in Bg, % =0 on dBg

respectively. It is well known that

(3.10) lim A\ (d,mink;, R,T)=0, lim A\ (d,mink;, R,T) = 400
R—+o00 [0,T7] R—0* [0,T7
and
(3.11) lim Ai(d,maxkg, R, T) =0, hm A (d,max kg, R,T) = +00.
R—>+00 (0.7] ot (0,7
Clearly (3.6) follows from (3.9)-(3.11). O

In view of Lemma 3.2, for any fixed d > 0 and a € C*/>"0(R x [0, 00)) satisfying (1.2), there
is a unique R* := R*(d, «,T) such that

(3.12) M(d,a, R*,T) =1
and
(3.13) 1> M(d,a,R,T) for R>R*, 1< M\(d,a,R,T) for R < R*.

Let (u,h) be the unique solution of (1.1), and he, = limy_o h(t). The spreading-vanishing
dichotomy is a consequence of the following two lemmas.
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Lemma 3.3. If hoo < +00, then hoo < R* and

i flu(t )lleqoney = 0

Proof. The proof of this lemma follows that of Lemma 2.2 in [9]. )

We first show that hoo < 0o implies hoo < R*. Otherwise hoo € (R*,00) and there is T > 0
such that A(t) > hoo —e > R* for all ¢ > T and some small ¢ > 0. Thus,

M(d, o, h(t), T) <1 forall t > T.
Consider the problem
—dAw = w(a(t,r) — B(t, r)w), t> 1?, r €10, hoo — €,
(3.14) wr(t 0) =0, w(t,he —¢€)=0, t>T,
w(T,r) = u(T,r), r € [0, hoo — €.

It is well known that this logistic problem admits a unique positive solution w = w_.(t,r).

Moreover, the fact Ai(d,a, hoo — &, T) < 1 implies that the trivial steady state 0 of (3.14) is
linearly unstable. Therefore, it follows from Theorem 28.1 in [20] that

(3.15) w(t+nT,r) = Vi _(t,r) in CY2([0,T] x [0, heo — €]) as n — 0
where Vj,___.(t,r) is the unique positive T-periodic solution of the problem
Vi — dAV = V[a(t,r) - 5(t,r)v}, (t,7) € [0,T] % [0, hoo — €),

(3.16) Vi (t,0) = V(t, hoo — €) = 0, t € 0,7,
V(0,r) =V(T,r), r € [0, hoo — €.

Using the comparison principle for parabolic equations, we obtain

(3.17) u(t,r) > w(t,r) fort>T,r €0, he —el.

This implies that

(3.18) lim, . u(t+nT,r) >V _(t,r) for (t,r) € [0,T] x [0, hoo — €].
On the other hand, consider the problem

—dAw = w(a(t,r) — B(t,r)w), t>T, re|0,hsl,
(3.19) wy(t,0) =0, w(t, ho) =0, t>T,
w(T,r)=ua(T,r), r € [0, hoo]
where
e u(T,r) for r e [0,h(T)],
UT,r) = { 0 for r € (h(T), hoo)-

Similarly, (3.19) admits a unique positive solution w(¢,r) with
(3.20) Wt +nT,r) — Vi (t,7) in CL2([0,T] x [0, hoo]) as n — 00
where V},_ is the unique positive T-periodic solution of the problem

Vi — dAV = V[a(t,r) — BV, (1) €10,T] % [0, hoo],

(3:21) V,(t,0) = V(t, hoo) = 0, te 0,7,
V(0,r) = V(T,r), 7€ [0, hoo)-

The comparison principle implies that

(3.22) u(t,r) <w(t,r) fort > T, r € [0,h(t)]
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and hence
(3.23) limy, 1 sou(t +nT,r) < Vi (t,r) for (t,r) € [0,T] x [0, hoo)-
For any 0 < €1 < €39, we easily see from the comparison principle that
Vie—e; 2 Vi —e, for (t,r) € 0,T] x [0, hoo — £2].

Then it follows that
Vi —e = Vi, in [0,T] X [0, hoo) as € — 0T
since V},__ is the unique positive solution of (3.21). Thus, (3.18), (3.23) and the arbitrariness of
€ imply
lim u(t +nT,r)=V,_(t,r) for (t,r) € [0,T] x [0, hoo),

n—oo

or equivalently,

(3.24) lim [u(t,7) — Vi (t,7)] =0 for r € [0, hoo).

t—o00

As in the proof of Lemma 2.2 in [9], we may straighten the free boundary and use parabolic
regularity for the new problem to obtain

||1~L(t, ) — Vhoo HCz([O,hoD — 0 ast — oo,

where @ denotes the transformed u, and f/hoo denotes the transformed V},__ under the transfor-
mation which changes [0, h(t)] into [0, kg, as indicated in [9]. Changing back to u and V,_ we
obtain

Hu(t, ) - VhooHC2([O,h(t)]) —0ast— oco.
It follows that

S [B(0) 4 Vi) (b o)) = = Jimn a8 1(8)) = (Vi) h()] = 0.

Hence h/(t) > § > 0 for all large ¢ and some fixed 6 > 0. But this implies hoo = 00, a
contradiction. Thus we must have ho, < R*.

We are now ready to show that [|u(t, -)[|c(o,n)) — 0 as t — oo. Let u(t,r) denote the unique
positive solution of the problem

ur — dAT =ula(t,r) — B(t,r)al, t>0, 0<r < he,
(3.25) U (t,0) =0, u(t,he) =0, t>0,

H(O,T) :1]0(7”), 0<r<h
where

_ up(r), 0 <r <hy,
0, r > ho.

The comparison principle implies that
0 <wu(t,r) <u(t,r) fort>0andr € [0,h(t)]

Since hoo < R*, we see that 1 < \j(d, o, hoo,T), and it follows from Theorem 28.1 of [20] that
u(t,r) — 0 uniformly for r € [0, hoo| as t — +o00. Hence,

tlirfoo |u(t, )lleqo,ne)) = 0-
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Lemma 3.4. If hoo = +00, then
(3.26)

ll)I}_l w(t +nT,r) = U(t,r) locally uniformly for (t,r) € [0,T] x [0, 400)
where U(t, |x|) is the unique positive T-periodic (radial) solution of the equation

{ U, — dAU = Ula(t, |z) — Bt |z))U],  (t,z) € [0,T] x R,

(3.27) U0, 2) = U(T, ), s € RN,

Proof. Existence and uniqueness of a positive solution U of (3.27) follows from Theorem 1.3
of [28] (by choosing both v and 7 there to be 0). It must be radially symmetric since (3.27) is
invariant under rotations with respect to the spatial variables around the origin of RY. (Under
the extra condition inf U > 0, the above conclusions also follow from Proposition 1.7 of [3].)

To show (3.26), we use a squeezing argument similar in spirit to [14]. We first consider the
T-periodic Dirichlet problem

vy — dAv = v[al(t, |z|) — B(¢, |z|)v], (t,z) €[0,T] X Bg,
0,7

(3.28) v(t,z) =0, (t,z) € [0,T] x OBRg,
v(0,2) = (T, z), x € Bp
and the T-periodic boundary blow-up problem
wy — dAw = ’LU[Oé(t, ‘I’D - ﬁ(tv |IE|)U)], (t,d?) S [O’T] X Bp,
(3.29) w(t,z) = oo, (t,z) € [0,T] x OBg,
w(0,z) = w(T, ), x € Bp.

When R is large, it is known from [28] that these problems admit unique T-periodic positive
solutions vr(t, ) and wr(t, x) respectively. Moreover, vg(t, ) and wg(t, ) are radially symmetric
for fixed ¢ € [0, T]. Furthermore, the proof of Theorem 1.3 in [28] implies that

vgp /U locally uniformly for (¢,7) € [0,T] x [0, +00) as R — 400,

wr \, U locally uniformly for (¢,7) € [0,T] x [0,400) as R — +o0.

By Lemma 3.2, we can choose an increasing sequence of positive numbers R,, with R, — +00
as m — oo such that Ai(d, o, R,,,T) < 1 for all m > 1. Since both vg,, and wg,, converge to U
locally uniformly in [0, 7] x RY, we can find T, > 0 such that h(t) > R, for t > T,. Arguing
as in the proof of Lemma 3.3, we see that the problem

wy — dAw = wla(t,r) — B(t,r)w], t> Trn, 7€ [0, Ry ],

(3.30) w,(t,0) =0, w(t,Ry) =0, t > T,

w(TTm ’l“) = u(Tm7 T)v re [07 Rm]
admits a unique positive solution wy, (¢, 7), which satisfies that
(3.31) wm(t +nT,r) = vg,, (t,7)

uniformly for (¢,7) € [0,T] x [0, Ry,] as n — +oc.
By the comparison principle, we have

Wi (t,7) < u(t,r) for t > Ty, and r € [0, Ry
Therefore,
lim, . u(t+nT,r) > vg,,(t,r) uniformly for (¢,7) € [0,T] x [0, Rp,].
Sending m — co, we obtain

(3.32) lim, ,  u(t+nT,r) > U(t,r) locally uniformly for (t,7) € [0,T] x [0, 00).
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Analogously, by arguments similar to those in the proof of Theorem 1.3 of [28], we see that
limy, sy oou(t +nT,7) < wg, (t,7) uniformly for (¢,7) € [0,T] x [0, Ry],

which implies (by sending m — o0)

(3.33) Timy, 4 sou(t + nT,7) < U(t,r) locally uniformly for (t,7) € [0,T] x [0, c0).

Clearly (3.26) is a consequence of (3.32) and (3.33). O

Combining Lemmas 3.3 and 3.4, we immediately obtain the following spreading-vanishing
dichotomy:

Theorem 3.5. Let (u(t,r),h(t)) be the solution of the free boundary problem (3.2). Then the
following alternative holds:
Either

(i) Spreading: ho = 400 and
tlim [u(t,r) — U(t,r)] = 0 locally uniformly for r € [0, 0)
—00
or
(ii) Vanishing: hoo S R* and limt_>+oo Hu(t, ')HC([O,h(t)]) = 0.
We now determine when each of the two alternatives occurs. We divide the discussion into
two cases: (a) hg > R*, (b) hy < R*.

For case (a), due to h'(t) > 0 for ¢ > 0, we must have ho, > R*. Then from Lemma 3.3 we
immediately obtain the following result.

Theorem 3.6. If hy > R*, then ho = +00. Thus spreading always occurs in this case.

In order to study case (b), and also for later applications, we need a comparison principle which
can be used to estimate both u(¢,r) and the free boundary r = h(t). For future applications, we
also include a more general class of problems by replacing the special nonlinear term of (1.1) by
the function g(¢,r,u) in (3.2).

Lemma 3.7. Suppose that T € (0,00), k € C*([0,T]), v € C**(D%) with D = {(t,r) € R*:
0<t<T,0<r<k()}, and

—dA@Zg(t,r,?), t>0,0<r<k(t),
Er(ta 0) S 07 E(ta k;(t)) = O’ t> 07
E(t) > —pw,(t, k(1)) t>0.

If ko < Kk(0) and vo(r) < ©(0,7) for v € [0, ko], then the solution (v,k) of the free boundary
problem

—dAv = g(t,r,v), t>0,0<r<k(t),
vp(t,0) =0, vt k(t)) = t >0,
(3:34) K (t) = — oy (1, K(2)), £>0,
’U(O,T‘) :UO(T)v 0<r<k
satisfies

k(t) <k(t) Vt€[0,T], wv(t,r) <v(t,r) forte[0,T] andr € [0, k(t)].

Proof. The proof of this lemma is similar to that of Lemma 3.5 in [12] and Lemma 2.6 in [9].
So we omit the details. u
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Remark 3.8. The pair (v,k) in Lemma 8.7 is usually called an upper solution of the free
boundary problem (3.34). We can define a lower solution by reversing all the inequalities in the
obvious places. Moreover, one can easily prove an analogue of Lemma 8.7 for lower solutions.

Now we consider case (b), where hy < R*. We first examine the case that p is large, then we
look at the case that u > 0 is small, and finally we use Lemma 3.7 and Remark 3.8 to show the
existence of a critical p* so that spreading occurs if ;1 > p* and vanishing happens if © € (0, p*].

Firstly, using Lemma 3.7 and exactly the same arguments as those in the proof of Lemma 2.8
of [9], we have

Lemma 3.9. Suppose hg < R*. Then there exists u° > 0 depending on ug such that spreading
occurs if p1 > pP.

On the other hand, we also have the following assertion.

Lemma 3.10. Suppose hg < R*. Then there exists pg > 0 depending on ug such that vanishing
happens if p < pg.

Proof. We are going to construct a suitable upper solution to (1.1) and then apply Lemma
3.7.
For ¢t > 0 and r € [0,0(t)], where

o(t) =hor(t), 7(t)=(14+6— ge*w),

we define

w(t,r) = MewV(/Ot 772(s)ds, Uh((;)r>,

where M, §, v are positive constants to be chosen later and V' (¢, |x|) is the first eigenfunction of
the problem

Vi — dAV = X\ (d, o, ho, T)alt,|z|)V, (t,z) € [0,T] x By,
V =0, (t,x) € [0,T] x OB,
V(t,x) is T-periodic in t,

with V' > 0 and ||VHL00((07T)><BhO) = 1. Since hg < R*, we have
A(d, o, ho, T) > 1.
Moreover, by the moving-plane argument in [8] we have
V.(t,r) <0 for 0 <r < hgand t € [0,T).

(Since V (-, 7) is a periodic function, w(t,r) is defined for all ¢ > 0.)
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In the following calculations, we will use the notations £ = fot 772(s)ds, n = r71(t) and
V =V(&n). Thus w(t,r) = Me "V (¢, 1) and
— dAw — wla(t, 2]) - B(t, 2] )u]

= Me "=V + Ver2(t) — rVyr 2(4) 7' (t) — dr 2 (t) Vi — d(i\i(;)l) )
—Vi(a(t,r) — B(t,r)Me V)]

= Me_’Yt[_,YV - T‘/??T_Q( ) ( ) Q(t)Al(da «, h07 T)OZ(E, 77)‘/
—V(a(t,r) = B(t,r)Me ”tV)}

> Mei’ytV[_’}/+7—72<t))\1<d7a7h07 )a(§7n> - Oé(t,?")]

A (d, o, ho, T
{Eete Dot - ater)

s (DS o)

> Me "V[—y +

Clearly

1+g <7(t) <1+09, hg(l—i—g) < o(t) < ho(l+9).
Therefore,

) —1
<1+g> 26> (14+0) 2, (1+g> P> (14 0)

Hence, due to 1 < A\1(d, a, ho,T'), we can choose ¢ > 0 sufficiently small such that

. Al(d,a,hO,T) 04(5777)
3.35 = —1>0.
(3.35) 0T orebewn (1402 altr)

Setting v = gk1, we deduce
—dAw — wla(t,r) — B(t,r)w] >0 for t > 0, r € [0,0(t)].
We now choose M > 0 sufficiently large such that

up(r) < MV(O, m> =w(0,r) for r € [0, ho).
Then
o'(t) = %%756_7’57
—pn(t, o (t)) = “Me_%‘vn</t7'_2(8)ds, hO) ‘T_l(t) < ?OMM -t
0 + 8
where

o= g [ | o )|

_ 0(1+6/2)vho
Ho = 2MC, )

Thus, if we choose

then
o' (t) > —pw,(t,o(t)) for 0 < pu < po



THE DIFFUSIVE LOGISTIC MODEL WITH A FREE BOUNDARY 29

and thus (w(t,r),o(t)) satisfies

— dAw > wla(t,r) — ( rw), t>0,0<r<o(t),
w(t,o(t) =0, o'(t) > —pw,(t,o(t)), t>0,
we(t,0) = 0, t>0,

a(0) = (1 + $)ho > ho.

Applying Lemma 3.7, we obtain that h(t) < o(t) and u(t,r) < w(t,r) for 0 < r < h(t) and
t > 0. These imply that hoo < limyyo0 0(t) = ho(1 4+ 9) < 0. O

Based on Lemmas 3.9 and 3.10, we can apply the same arguments as those in the proof of
Theorem 2.10 of [9] to obtain a threshold value p* > 0 of p such that the alternatives in the
spreading-vanishing dichotomy are determined by u* for the case hy < R*, as stated in the
following theorem.

Theorem 3.11. If hg < R*, then there is u* > 0 depending on ug such that vanishing occurs if
0 < p < u*, and spreading happens if p > u*.

4. SPREADING SPEED

In this section we study the spreading speed of the expanding front r» = h(t) when spreading
occurs. By (1.2), we have that

a®(t) == lm,ooa(t, 1) < K2y,  Qoo(t) :=lim, ,, ca(t,r) > k1,

B(t) = limy 400 B(t,7) < k2, Boo(t) = lim,,, ( B(t,7) > K1,

and a®(t), aso(t), B°(t), Boo(t) are T-periodic functions. We assume that these functions are
Holder continuous.

We will need some simple variants of Lemma 3.7 and Remark 3.8, whose proofs are similar
to the original ones and therefore omitted.

Lemma 4.1. Let di(s),da(s) and I(s) be Hélder continuous functions for s > 0, all positive
except possibly da(s). Let g(t,r,u) be a function satisfying (3.1). Suppose that T € (0,00),
h e CH[0,T)), we CH*(D%) with D3 = {(t,r) e R*: 0 < ¢t < T,0 <r < h(t)}, and

Ut — dy (1) — do(r)r > g(t,7r,7), te(0,7], 0<r<h(t),
ﬂ(t’ﬁ(t)) = 0’ E,(t) 2 _Mﬂr(taﬁ(t))a te (077—]7
u(t,0) > (1), t e (0,7].

If h € CY([0,T)) and u € CY?(Dy) with Dy = {

(t,r) €ER?: 0<t<T,0<r<h(t)} satisfy
0 < h(0) < h(0), 0 <u(0,r) <@(0,7) for 0 <r < h(0),

and

up — dy (r)upr — do(r)u, = g(t,r,u), t€(0,7T], 0<r<hl(t),
(4.1) u(t, h(t)) =0, W'(t) = —pur(t, h(t)), t€(0,7],

u(t, 0) = (1), t€(0,7],
then

h(t) < h(t) fort e (0,T], wu(t,r) <u(t,r) for (t,r) € (0,T] x (0,h(t)).

Similar to Remark 3.8, we have the following analogue of Lemma 4.1:
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Lemma 4.2. Let dy(s),ds(s), I(s), and g(t,r,u) be as in Lemma 4.1. Suppose that T € (0,00),

he CH[0,T)), u e CY2(DL) with DI = {(t,r) e R : 0 <t < T,0 <r < h(t)}, and
Uy — dl(r)grr - dQ(T)Qr < g(t,r,g), te (077-]’ 0<r< ﬁ(t)’
u(t,h(t)) =0, K'(t) < —pu,(t,h(t)), te(0,T],
u(t,0) < I(t), te(0,7].

Ifhe CY([0,T]), u € CY2(DY) satisfy (4.1) and
h(0) = R(0), u(0,r) > u(0,7) >0 for 0 <r < h(0),

then
h(t) > h(t) in [0,T], u(r,t) > u(r,t) fort €[0,T] and r € (0, h(t)).

We also need the following result.

Lemma 4.3. Suppose that d > 0, c(s) and l(s) are Hélder continuous functions for s > 0
with 1(s) positive, and a(t),b(t) are Hélder continuous positive T-periodic functions. Let v €
CY3(D) (D ={(t,r):0<r <o(t),t >0}) be a solution of

vy — dopr + e(r)v, = v(a(t) = b(t)v), t>0,0<r<o(t),
(4.2) v(t,0) =1(t), v(t,o(t)) =0, t >0,
v(0,7) = vo(r) =0, 0<r < a0).

Suppose that

At =0, i o) =co

and
1i_>m I(t +nT) =L(t) > V(t) uniformly for t € [0,T],

where (t) is a T-periodic function and V (t) is the unique positive solution of (2.11). Then
lim, , v(t+nT,r) > V(t) locally uniformly for (t,r) € [0,T] x [0, c0).

Proof. By the maximum principle, v(t,r) > 0 for t > 0 and 0 < r < o(t). For any given
R > 0 and small € > 0, we can find Tr > 0 such that o(¢t) > R and I(t) > ¢(t) — e > 0 for all
t > Tr. We now consider the auxiliary problem

w — dwyy + c(r)w, = w(a(t) — b(t)w), t>Tr,0<r <R,
(4.3) w(t,0) =4£(t) —e, w(t,R) =0, t > Tg,
w(Tg,r) = v(Tr,7), 0<r<R.

It is well known that the logistic equation (4.3) admits a unique positive solution w(t,r). By
the comparison principle we see

w(t,r) <ov(t,r) fort >Trand 0 <r < R.

Clearly w = 0 is a lower solution to (4.3), and for any large positive constant M, w = M is an
upper solution to (4.3). Thus the unique solution of problem (4.3) with initial function v(Tr,r)
replaced by 0, which we denote by wy(t,7), is increasing in ¢, and the solution w*(¢,r) of the
same problem with initial function v(Tg, ) replaced by M is decreasing in ¢. Moreover,

(4.4) T}Ln;o wi(t +nT,r) =w(t,r) Y(t,r)€[0,T] x [0, R],
(4.5) lim w*(t+nT,r) =w(t,r) V(t,r) € [0,T] x [0, R],

n—oo
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with w < w, and both w and w are positive solutions of the problem
wy — dwyy + c(r)w, = w(a(t) —b(t)w), (t,r) € [0,T] x [0, R],
(4.6) w(t,0) =£(t) —¢, w(t,R) =0, t €[0,7T],
w(()??a) = w(T7T)7 re [O, R]
Since the nonlinear term in (4.6) is concave, it is well known (see [20]) that w = W = w§, the
unique positive solution of (4.6). Hence

nlggo wi(t +nT,r) = nh_)rrgo w*(t +nT,r) = wy(t,r).
By the comparison principle, the solution of (4.3) satisfies
wy(t,r) <w(t,r) <w*(t,r) fort >Tr and 0 <r < R.
This implies that
lim w(t 4+ nT,r) = wi(¢,r) uniformly in [0,7] x [0, R).

n—oo
Thus,
lim v(t+nT,r) > wi(t,r) uniformly for (¢,7) € [0,T] x [0, R].

——n—0o0

Letting € — 0 we deduce
lim v(t 4+ nT,r) > wh(t,r) for (t,r) € [0,T] x [0, R],

—===n—00

where w%(¢,7) is the unique positive solution of (4.6) with e = 0. (The uniqueness of positive
solutions to (4.6) implies the continuous dependence of wf on €.)

A simple upper and lower solution argument shows that w%(t, r) is increasing in R, and
it has a constant upper bound independent of R. Using this fact and a standard regularity
consideration, we find that as R increases to infinity, w%(t, r) increases to the minimal positive
solution W(t,r) of

Wy — AW,y + c(r)Wy = W(a(t) — b&)W),  (t,7) € [0,T] x (0,0),

(47) W(t,0) = €(0), te (0,7,
wW(0,r)=W(T,r), r € [0,00).

Thus,

(4.8) lim,, , v(t+nT,r) > W(t,r) locally uniformly for (¢,r) € [0,7] x [0, c0).

We show next that
W(t,r) > V(t) for (t,r) € [0,T] x [0, 00).

Let R, be a positive sequence increasing to oo as n — oo, and then define ¢, (r) = ¢(Ry, + ).
Since ¢(r) — 0 as 7 — oo, clearly ¢,(r) — 0 locally uniformly in R. It follows that the first
eigenvalue \J'(R) of

—duyy + cp(r)u, = Auin [-R, R], u(—R) = u(R) =0

converges to dn?/(4R?) as n — oo. Fix R > 0 large enough such that dr?/(4R?) < a =
mingeg a(t), then the logistic problem

—duyy + cp(r)u, = au — HbHoou2 in (—R,R), u(—R) =u(R) =0

has a unique positive solution u,, for all large n, and a simple regularity argument shows that
Up — ug as n — oo uniformly in [— R, R], where ug is the unique positive solution of

—duyy = au — ||b||oet? in (=R, R), u(—R) = u(R) = 0.
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We now define W, (t,r) = W(t, R, + r) for r € [-R,,, R,]. Clearly W, a positive solution of
the problem

— dwyy + cp(r)wy = w(a(t) — b(t)w), (t,r) €[0,T] x (= Ry, Ryp),
(4.9) w(t,—Ry) =L(t), w(t,R,)=WI(t,2R,), te€][0,T],
w(0,r) =w(T,r), r € [—Ry, Ry).

On the other hand, u,, extended to 0 outside [— R, R] is a lower solution of (4.9), and any large
positive constant is an upper solution of (4.9). Moreover, as before, since the nonlinear term in
(4.9) is concave, it has a unique positive solution. Thus W,,(¢,7) > u,(r) in [-R, R].

Applying the L? estimate to (4.9) we find that {W,,} is bounded in W, ([0, T x [~ M, M]) for
any p > 1 and any M > 0. Hence by passing to a subsequence we may assume that W, — W*
in C2([0,T] x R), and W* is a weak solution of

loc

wy — dwyr = w(a(t) — b(t)w), (t,r) €[0,T] x R,
(4.10) { o :w(T’a)’ (t:r) € 0.7]

Since W), > wu,, we deduce by letting n — oo that W* > ug in [0, 7] x [-R, R]. Thus W* must
be a positive solution of (4.10). However, by [28], w = V(¢) is the unique positive solution of
(4.10). Thus we must have W* = V(t). It follows that W, (t,r) — V(¢) locally uniformly in
(t,r) € [0,T] x R. In particular, W(t, R,) = Wy(t,0) — V(¢) uniformly in ¢ € [0,7]. This
implies that W (t,r) — V(¢) uniformly in ¢ € [0,T] as r — co.

For any o € (0,1), we can find R, > 0 large such that W(t,r) > oV (t) for r > R,. Fix an
arbitrary R > R, and consider the problem

— dwyyr + c(r)w, = w(a(t) — b(t)w), (t,7) € [0,T] x (0, R),
(4.11) w(t,0) =£(t), w(t,R) = W(t,R) t €1[0,71,
w(O,r) = UJ(T,’I“), re [0, R]

Clearly W is the unique positive solution of (4.11). On the other hand, it is easily seen that
oV (t) is a lower solution of (4.11), and any large constant is an upper solution of (4.11). It
follows that W (t,r) > oV(t) in [0,T] x [0, R]. Since R > R, is arbitrary, this implies that
W(t,r) > oV(t) in [0,T] x [0,00). Letting o — 1, we deduce W (t,r) > V(¢) in [0,7] x [0, 00).

We may now use (4.8) to obtain

lim, . v(t+nT,r) > V(t) locally uniformly for (¢,7) € [0,T] x [0, c0).

This completes the proof. ]
We are now ready to prove the first main result of this section.

Theorem 4.4. Suppose that (u, h) is the unique solution of (1.1) and he = +00; then

/ 0%, foc) ()t

zT/ o1t v, 5% (1),

where ko(p, -, -) is given in Theorems 2.4 and

IN
e

h(t)

t
: h(t)
(4.13) lim, 00—

Proof. We divide the proof into three steps.
Step 1. The unique positive (radial) solution U of (3.27) satisfies

(4.14) lm, oo U(t,r) <V (), lim, , U(t,r) > V(t) fort e [0,T],
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where V (t) and V (t) are, respectively, the unique positive T-periodic solutions of

dv

(4.15) i V][a™(t) = Bo(t)V] in [0,T], V(0)=V(T)
and

dv. . :
(4.16) 5 = Ylao(t) = 4= (1)V] in [0,T], V(0)=V(T).

For any small € > 0, there is R, := R(¢) > 1 such that for r > R,,
a(t,r) <a(t) :=a™(t)+e, a(t,r) > a(t) = ax(t) —¢,

Bt,r) < BE(t) = B=() +e, Bt,r) = Bo(t) = Poo(t) — &

For R > R,, we consider the problem

2% — d[zm« n N—lz,} = 2[a®(t) — o (t)2], (t.7) € (0,T) x (Rs, R),

(4.17) 2(t,R,) = UR(£ R.), z(t,R) =0, telo,T],
2(0,7) = z(T,r), r € [R., R,

where vp is the unique solution of (3.28). Clearly vp is a lower solution of (4.17) and any large
constant M is an upper solution of (4.17). Hence it has a positive solution. Since the nonlinear
term is concave, the positive solution is unique, which we denote by z%. Therefore,

vr(t,r) < 25(t,r) < M Y(t,r) € [0,T] x [R«, R].
Much as before (see also the proof of Theorem 1.3 of [28]),
25 2 7 locally uniformly in [0, T] x [Ry, 00) as R — oo,

where Z¢ satisfies

T

% — d[zw + Mz} = 2[a®(t) — B (t)2], (t,r) € (0,T) x (Rs,0),

z(t, Ry) = U(t, Ry), t € 10,7,
z(0,7) = 2(T,r), r € [Ry, 0).
Recalling that vg — U as R — 00, we deduce
(4.18) Ult,r) < Z5(t,r) Y(t,r) € [0,T] X [R,,0).
Making use of Lemma 3.2 in [28] we easily deduce that

lim Z%(t,r) = V(t) uniformly for ¢ € [0, 7],

r—00
where V., is the unique positive T-periodic solution of the problem
av

(4.19) —r =V[eZ(®) - BLtV] in [0,T], V(0) =V(T).
Thus,
(4.20) lim, oo U(t,r) < V(t) for t € [0,T].

Since V. varies continuously in ¢, letting ¢ — 0 we obtain

im, oo U (¢, ) < V(1) for t € [0,T].
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This proves the first inequality in (4.14). The second inequality in (4.14) can be obtained
similarly by considering the problem

2= d|z, + Yz ] = 2l0g (1) - 822, (L) € (0,T) x (R., R),

r =r

(4.21) 2(t,R,) = vg(t, Ry), z(t,R) =0, te0,T7,
2(0,7) = 2(T,r), r € [Ry, R],

from which we obtain

(4.22) lim, , U(t,r) > V_(t) for t € [0,T],

where V_ is the unique positive solution of (4.19) but with (a2°,55,)) replaced by (oS, 52°).
Letting € — 0 one gets

~

lim._,  U(t,r) > V(t) fort e [0,T].

——Tr—00

Step 2. We prove (4.12).
By (4.14) there exists R* := R*(¢) > R, > 1 such that
Ve(t) <U(t,r) < Ve(t) V(tr) € [0,T] x [R*, 00).
Since hoo = +00 and limy, o u(t + nT, ) = U(t,r), there exists a positive integer N = N (R*)
such that with 7 := NT,

h(T) > 3R* and u(t+ T,2R*) < V.(t) forallt>0.

Setting )
a(t,r) =u(t+T,r+2R*) and h(t) = h(t+T) — 2R*
and denoting

- N-1
A=ty 4
we obtain
iy — dAG = a[a(t,r Y 2R — Bt +2R%)al, >0, 0<r < h(t),
(4.23) a(t,0) = u(t + T,2R*), a(t, h(t)) =0, t>0,
() = —pi, (4. (1), >0,
w(0,7) = u(T,r+2R*), 0 <r < h(0).

By our choice of R*, for r > 0,
a(t,r +2R*) < a(t), B(t,r+2R*) > B (1).
Let u*(t) be the unique solution of the problem
du*

(4.24) 57

=u*(a2(t) — B (H)u*) for t > 0; u*(0) = max{Vy,||@(0,)||co}-

Then
u*(t) > V() for all t >0 and ILm u*(t+nT) = V(t).
Now we have
u*(0) 2 a(0,7), a(t,0) < Ve(t) < u*(t), alt,h(t)) = 0 < u'(t),
and 3
uf — dAu* = u*(a°(t) — B ()u*) > u*a(t,r + 2R*) — B(t,r + 2R*)u*].
Hence we can apply the comparison principle to deduce

(4.25) a(t,r) < u(t) for 0 <r < h(t), t > 0.
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As a consequence, there exists T =Tz = NT > 0 (with an integer N ) such that
<

a(t,r)

Let U. = Uae e, ke denote the unique positive solution of (2.1) with a(t) = ag°(t), b(t) =
B5.(t) and k(t) = k°(t) := ko(u, a2°, ) (). Since

U-(t,7) = V(t) in [0,T] as r — +o0,

V=™ vt =T, re0h).

there exists R} := Rj(e) > 2R* such that
Ud(t,r) > V(t)(1 —¢) for (¢t,7) € [0,T] x [Rf,00).

We now define

Et)=(1—-¢)? /t k¥ (s)ds + Ry + h(T) fort >0,

w(t,r)=(1- a)*gUg(t,ﬁ(t) —r)fort >0, 0 <r <(t).

Then

€(t) = (1-e)°k(t),

—pwr (8, E(t)) = p(l = )2 (U:)r(1,0) = (1 — &) 2k°(8),

and so we have

¢'(t) = —pwr(t,€(1)).
Clearly

w(t,&(t)) =0, £(0) = R§ +h(T) > h(T).
Moreover, for 0 < r < l~1(7~'),
w(0,7) = (1 —¢)"2U(0,£(0) —7) > (1 — &) 2U.(0, Rf) > V(0)(1 — &)~ > a(T,r)

and w(0,7) > 0 for h(T) < r < £(0). Tt is also easily seen that for t > 0,

w(t,0) = (1 — ) ?Ue(t,£(1)) 2 (1 — &) *Ue(t, By) 2 Ve(t)(1 — ) ™! > alt + T,0).

Direct calculations show that, for ¢ > 0 and 0 < r < £(t), with p = £(t) — r,

—dhw = (1) [(Ua W€ () = d(UL), + S ) 00
= [0 (= RO, — () + A0,
> (1) 20+ KO~ dU2)yy) (e to (U), 20)

= (1-e)?U(aZ(t) - B5(t)UE)
= wla(t) - ( £)? B (t)u]
wlaZ®(t) = B (Hw].

Hence we can use Lemma 4.1 to conclude that

Y
Q

at+T,r) <w(t,r), ht+T)<ER) for t>0,0<r <h(t+T).
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It follows that

_ h(t _ h(t —T)+ 2R*
hmt—)—l—ooi) = limy 40 ( t)
o S (THT) +2R
t——+o00 t
_ o — )72 [ ke(s)ds + Ry + h(T) + 2R*
B t—g-noo t

o1 (7
= (1—¢)” k= (t)dt.
a-eg [
Since £ > 0 can be arbitrarily small, and k°(t) — ko(u, @™, Bso)(t) as € — 0, we deduce

— h(t) 1 [T -
hmtwwi)ij/ Koy, 0%, Boo) (t) .
0

Step 3. We show

, ht) _ 1 (T
hfnt—woi) > T/O kO(/%O‘OOvBOO)(t)dt

by constructing a suitable lower solution.
To this end, we denote

ke(t) = ko(p, a5, B°)(t) and Z-(t,7) = Uas, poo k. (t,7).
We consider the auxiliary problem
v — dAv = v(ag (1) = B2(t)v), t>0, 0.<r < h(t),
(4.26) v(t,0) = a(t,0), o(t,h(t)) =0, t>0, )
v(0,r) = u(0,7), r € [0,h(0)],
where @ and h are defined as before. Since
lim a(t +nT,0) — U(t,2R*) > V_j5 Vt€[0,T]

Y e

we can apply Lemma 4.3 to (4.26) to conclude that
(4.27) lim v(t+nT,r) > V_(t) locally uniformly for (¢,r) € [0,7] x [0, c0).

222N —00
Since
a(t,r+2R*) > oS (t), B(t,r+2R*) < p°(t) Vte[0,T],
from the comparison principle we deduce

a(t,r) > v(t,r) for t >0, r € [0,h(t)],

and hence, in view of (4.27), we have
(4.28) lim,, , a(t +nT,r) > V_(t) locally uniformly for (¢,7) € [0,T] x [0, 00).

Define .

n(t) = (1 - 5)2/ ke(s)ds + h(0) for t >0,
and ’
w(t,r) = (1 —&)?Z(t,n(t) —r) for t>0, 0<r<nt).
Then
o) = (1- £)halt) Vi€ [0,7),
—pwr(t,(t)) = p(1 — €)*(Ze)r(8,0) = (1 — €)?k(t) ¥Vt € [0,T],
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and so we have
i (t) = —pwr(t,7(t))-
Clearly, w(t,n(t)) = 0. Since
(Z:)r(t,r) >0 for (¢t,r) € [0,T] x [0, 00)
and
lim Z.(t,r)=V_(t) Vte[0,T],

r—+00
we must have
Z(t,r) < V_(t) Y(t,r) €[0,T] x (0,00).
Therefore, due to (4.28) we can find some 7 = T (¢) = NT > 0 (with an integer ) such that

(4.29) a(t+7,0) > w(t,0) fort >0
and
(4.30) a(T,r) > w(0,7) for r e [0,7(0)].

Direct calculations yield (with the notation 6 = n(t) —r)

wy —dAw = (1—¢)? :(Zg)t + (Z)on' (t) — d(Z:)ag + m(ze)e]

m) (Ze)o + (Ze)e — d(Z5)99:|

< (1-e)? :kg(t)(ZE)g AR d(zg)ge} (since (Z.)g > 0)
< wlas (t) — B (t)w] for t > 0,0 <r <n(t),

where we have used the fact that for large R*,

= (=2 ((1—)ke(t) +

d(N —1)

— L < k(1.
rrare = Fe)
Hence, we can use Lemma 4.2 to conclude that

at+T,r) > wt,r), h(t+T)>n(t) fort>0,0<r<nt).

(1—¢e)%ke(t) +

It follows that

hrntﬁoohit) :hlntﬁooh(t;ﬂ
. ﬂ(t—T—jv)i o1 (T
> am M7 =T g T/O e (£)dt.

Since € > 0 can be arbitrarily small, this implies

, ht)y 1 (T .
hmt—moi)>T/0 ko(p, atoo, B7°) (t)dit.

The proof of the theorem is now complete. O
The result below follows trivially from Theorem 4.4.

Corollary 4.5. Assume that hoo = +00 and

(4.31) a(t,r) = ax(t), B(t,r) — Be(t) uniformly fort € [0,T] as r — +o0.
Then , LT
t
i "0 — 2 [ oo a0
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Let c.(p) = %fOT ko(ft, s, By ) (t)dt. Our next result describes the large time behavior of the
solution to (1.1) inside the ball {x : |z| < c«(p)t}, which considerably improves the conclusion
in (3.26).

Theorem 4.6. Suppose that the assumptions of Corollary 4.5 hold, and u(t,r), U(t,r) are as
in (3.26). Then

4.32 lim max |u(t,r) — Ut,r)] =0
(132) Jim _max  fu(t.r) = U(t.n)
for every small € > 0.
Proof. Since (4.31) holds, we see that
a™(t) = ax(t) = aw(t), B7(t) = Boo(t) = Bi(t) Vit €10,T],

and thus the proof of Theorem 4.4 implies that V(¢) = V(t) = V(¢), where V(¢) is the unique

positive solution of

= Vi)~ 0V, V() = V(D)

Moreover, by Step 1 of the proof of Theorem 4.4, we have
ILm U(t,r) = V(t) uniformly for t € [0, T].

Hence for any given small € > 0, there exists R, > 0 such that

A

(4.33) U(t,r) —V(t)| <e forall (t,7) € R X [Re,00).

We next make use of the estimates for @(t,r) given in Step 2 of the proof of Theorem 4.4,
and see that for any given small § > 0, there exist positive numbers 77, R‘f and Rg such that

(4.34) u(t + T‘S,r + R‘f) <(1- 5)_2U5(t,§(t) —r) fort>0,0<r <&t),
where

Et)y=(1-06)"2 /t k(s)ds + RS

0
and

U°(t,7) = Up, s po—sps (b7), KO(t) = ko(p, e + 6, Ba — )(1).

Similarly, by Step 3 of the proof of Theorem 4.4 there exist positive numbers 779, ]:2‘15, Rg such
that

(4.35) u(t+T°,r+ RY) > (1 —6)2Us(t,n(t) —r) fort >0,0<r<nt),
where

n(t) = (1 —6)? /Ot ks(s)ds + RS

and
Us(t,r) := Un,—5,8.+6.ks (1;7),  Ks(t) := Ko(p, o — 8, By + 6)(t).
Since
lim (1 — 0)%ks(t) = lim(1 — 6)72k%(t) = ko(p, cvs, B )(t) uniformly for ¢ € [0, 77,
0—0 0—0
we can find . € (0, ¢€) sufficiently small so that for all large ¢, say t > T,

€t

(1 - 55)2/0 ks.(s)ds — cu(p)t| < 5 et

a _56)-2/0 B (s)ds — ea()t] < 5.
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We now fix § = 4. in U?, &, Us and 7. Then clearly, for t > T,

€(t) — 1 > [ea(p) — et — r + R + %t,

n(t) —r > leo(p) — €t —r+ ]:Zg‘ + %t.

By Proposition 2.1, we have
lim U%(t,r) = V°(t) uniformly for ¢ € [0, 7],

700
where V% (t) is the unique positive solution to

dV o

T Voe[(u(t) +0e) = (Bu(t) = 6 V], Ve(0) = V*(T);

and
ILm Us, (t,r) = V5, (t) uniformly for ¢t € [0, T,

where Vj_(t) is the unique positive solution of

B Vallou(®) = 80 = (B + 8Va), Va(0) = Vi (7).

Thus, the monotonicity of U (t,-) implies that we can find Ri > 0 such that for r > R,
U (t,r) < Vo(t) YVt e R

and
Us.(t,r) > Vs (t) —e Vt € R.
It follows that, if
2 A
0<r<leip)—¢€jt and t> max{Ri,Te} ,
€
then
ult + T+ Ry) < (162U (1, €(8) —7) < (1= &) Vo(1),
and ) )
u(t + T+ Ri<) > (1= 6)°Us (t,m(t) — ) > (1 —€)*[Vs () — ].

Without loss of generality, we may assume that 7% and 7% are both integer multiples of 7.
Thus, from the above inequalities we obtain

(4.36) (1 —€)2[Vs,(t) — €] <ult,r) < (1—e) 2Vo%(t)
if )
t > ZRS + max{T., T%, 7%}
and ‘
0<r— Ry <[ealp) — €t, 0<7— RS < [en(p) — €]t
We now take
T = %max{ﬂ%i, R‘lsg, ]:2‘15‘} + max{T., 7%, 7%}, R.:=max{R., R‘ls‘, Rff},
and find that (4.36) holds if
t>TF and R <7 < [eo(p) — 2€]t.
In view of (4.33), this implies that, for such ¢ and r,
lu(t,r) — U(t,r)| < I(e),
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where

1) =+ max {la=e0am-o-ve -«

Ja—a2vi v +[}.

By (3.26),

lim w(t+ nT,r) = U(t,r) uniformly for (¢,7) € [0,T] x [0, R].

n—oo

Hence we can find 75 > 7, such that
lu(t,r) — U(t,r)| < I(e) for t > Tf and 0 < r < R..
So finally we find that for all ¢ > 75 and 0 < r < [e.(p) — 2¢]t,
lu(t,r) — U(t,r)] < I(e).
Since I(e) — 0 as € — 0, this implies that (4.32) holds. The proof is now complete. O
We now use Theorem 4.6 to study the dynamical behavior of the solution of (1.1) when the

parameter p is large. Let (u*, h*) be the unique solution of (1.1). Suppose that the assumptions
of Corollary 4.5 hold. Then for all large u, spreading occurs and

hH(t
lim *)

t—oo

= ko(n)-

By Theorem 2.8, ko(p) increases to 2v/ad as p increases to co. We have the following theorem
for the behavior of u*.

Theorem 4.7. Suppose that the assumptions of Corollary 4.5 hold. Then for any given small
€ > 0, there exists a large pe > 0 such that

4.37 lim max |utt,r) = U r)| =0 forall u> pe.
(4.37) HOOTS[Q\@_G]J (t,r) =U(t,7)| for all p > p

Proof. For any given small € > 0, since lim, o ko(t) = 2vad, we can find pre > po such that

(4.38) ko(p) > 2vVad — €/2 Y > fie.
Moreover, by Theorem 4.6 for any pu > p.,

(4.39) lim  max |uf(t,r) —U(t,r)] = 0.
£=00 r<[leo () —e /2t

On the other hand, for any p > p., we see from (4.38) that if r < [2vad — €]t, then

r < [ko(p) — €/2]t.

Therefore, it follows from (4.39) that for any u > .,
lim  max |u'(t,r) — U(t,r)| = 0.
t=00 r<[2v/ad—et
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