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@ Introduction to (topological) T-duality
@ Spherical T-duality
@ Non-isometric T-duality (not covered)

Based on collaborations with Mathai and many others (Evslin,
Hannabuss, Sati, Wu, Klim¢ik, Bugden, Wright, ...)
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Fourier Transform

Fourier series for f: S' - R

A~ 27r .
f(n) = 217T/0 f(x) e "™ dx

f(x) = > f(n)e™

neZ

Fourier transform for f : R — R

o) = /  f(x) e P* ax

21 J_

00— [ T(p)eP dp
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Fourier Transform - contd

More generally, for G a locally compact,AabeIian group, we have
a Fourier transform F : Fun(G) — Fun(G)

o) = [0 e = (1))

f(x) = /G?(m & dp

where R
G = Hom(G, U(1)) = char(G)

is the Pontryagin dual of G. l.e. a character is a U(1) valued
function on G, satisfying x(x + ¥) = x(¥)x(¥)-

The characters form a locally compact, abelian group G under
pointwise multiplication.
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Fourier Transform - contd

We can think of y(x, p) = eP* € Fun(G x G) as the ‘universal
character.

Fourier transform expresses the fact that the characters of G
span Fun(G).
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Fourier Transform - contd

l.e. we have the following “correspondence”

GxG
G/ \G
Ff=7m.(n*(f) x x(x,p)) J
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Fourier Transform - Geometric generalisations

T-duality is a geometric version of harmonic analysis, i.e. by
replacing functions by geometric objects (such as bundles,
sheaves, D-modules, ...) or, as an intermediate step, by
topological characteristics associated to these objects
(cohomology, K-theory, derived categories, ...).
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Fourier-Mukai transform

Consider a manifold P = M x S'. By the Kiinneth theorem we
have
H*(P) = H*(M) @ H*(S")

l.e.
H"(P) = H"(M) & H" (M)

We have a similar decomposition at the level of forms
QU P)™ = Q"(M) @ Q"1 (M).

l.e. invariant degree n forms on P are of the form w or w A d#,
where w is an n, respectively n — 1, form on M.

Consider P = M x S'. We have an isomorphism

F : H(P) —— H1(P)
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Fourier-Mukai transform - cont’'d

where
HY(P) =P H(P), H'(P)=PH?(P),
i>0 i>0
Explicitly R
w = diINw, dINw — w
or
FQ :/ H+dondi)a= [ edbg_ [ &Fq
St St St
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Fourier-Mukai transform - cont’'d

l.e. F is given by a correspondence

FQ=p.(p*QAren) J

M x S' x S
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Fourier-Mukai transform - cont’'d

Once we recognize that F = d A d@ is the curvature of a
canonical linebundle P (the Poincaré linebundle) over St x S,
in fact e = ch(P), this immediately suggests a
‘geometrization’ in terms of vector bundles over P and P. (*)

FE=p,(P"EQP) )

This gives rise to the so-called Fourier-Mukai transform

F . KI(P) —=— KI+(P) |

which has many of the properties of the Fourier transform
discussed earlier.

The discussion can be generalized to complexes of vector
bundles (complexes of sheaves) and thus gives rise to a
Fourier-Mukai correspondence between derived categories

o~

D(P) and D(P).
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T-duality - Closed string on M x S'

Closed strings on M x S' are described by
X:¥ > MxS

where ¥ = {(o, 7)} is the closed string worldsheet.
Upon quantization, we find

@ Momentum modes: p = &
@ Winding modes: X(0,7) ~ X(1,7) + mR

ny?2 5
E= (ﬁ) + (mR)“ 4 osc. modes

We have a duality R — 1/R, such that ST on M x S' is

equivalent to ST on M x S' (or a duality between IIA and 1B
ST, for susy ST)
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T-duality - Principal S'-bundles

Suppose we have a pair (P, H), consisting of a principal circle
bundle
S'l—sP

Ai;

and a so-called H-flux H on P, a Cech 3-cocycle.

Topologically, P is classified by an element in F € H?(M, Z)
while H gives a class in H3(P, 7Z)
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T-duality - Principal S'-bundles

The (topological) T-dual of (P, H) is given by the pair (P, H),
where the principal S'-bundle

5P

E

M

and the dual H-flux H € H3(P, Z), satisfy

F=mH, F =7.H J

where , : H3(P,Z) — H?(M, Z), is the pushforward map
(‘integration over the S'-fibre’).
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T-duality - Principal S'-bundles

The ambiguity in the choice of His (almost) removed by
requiring that

pPH—p*H=0 € H3P xuy P,Z)

where P xy, P is the correspondence space

~

PxyP={(x,%)€PxP|n(x)=7(X)}

PXMﬁ

ﬁy Wﬁﬂ
P\ P

M
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T-duality - Principal S'-bundles

Gysin sequences

e HY(M) e H3(P) T H2(M) Y A M) —— -

e HY(M) e HR(P) —E HR(M) e (M) —— -
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T-duality - Principal S'-bundles

0—F o Hm — By — s ) —2 s 2w
UF UF UR*F UF UF
iy —2F s ey — 7 B — s M) 2 i)
i i " i .
H'(P) urF H3(P) 7 H3(P xy P) P H2(P) urF HA(P)
T T P T T
o) — s 1) — s 2By — o W) — s 1)
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T-duality - Examples

Consider principal S'-bundles P over M = S2, then
H2M,z)=7, HP,Z)=Z
and we have, for example,

(82 x S',0) — (S? x S',0)

(S2 x S',1) — (S8,0)

or more generally
(va k) — (Lkap)
where L, = S%/Z, is the lens space.
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T-duality - Twisted cohomology

Using QK(P)™ = Qk(M) @ Qk—1(M)
FZO’A7 H:H(3)+A/\H(2)

we find

such that

H-H=AANF—AAF=dAMA).

We have an isomorphism of (Z»-graded) differential complexes

T.: (QPY™, dw) — (P)™, dp)

where dy = d + HA.
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T-duality - Twisted cohomology

Define R
T.w :/ e
St
then
ay T. = T. dy.
D/
and consequently, we have isomorphisms
T. : HI(P,H) —=— HF(P,H) |
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T-duality - Twisted cohomology

as well as
T. . Ki(P,H) —=— K*(P,F) |
For example,
K (va k) - Zk I =0
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The physics

String Theory

M4 X Ye

Complex manifold
Kahler
Calabi-Yau
Hyper-Kahler
S1

Strings

Hc H3(Y,Z)
Mirror Symmetry / T-duality
generalized geometry

===
o o
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The physics

String Theory

M-Theory / 11D SUGR

M4 X Ye M4 X Y7
Complex manifold Contact manifold
N =1 Kahler Sasakian
N =2 Calabi-Yau Sasaki-Einstein
N=3 Hyper-Kahler 3-Sasakian
S S8
Strings 2- and 5-branes
Hc H3(Y,Z) HcH(Y,Z)

Mirror Symmetry / T-duality
generalized geometry

Spherical T-duality?
M-geometry?

Peter Bouwknegt
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Spherical T-duality - Principal SU(2)-bundles

Much of the above can be generalized to principal
SU(2)-bundles:
Gysin sequence for principal SU(2)-bundles 7 : P — M

Uc(P)

- —— H' (M) = H'(P) > H4(M) ==~ H}(M) —

where

c2(P) Tr(F A F) € HY(M)

~ 82
is (a de Rham representative of) the 2nd Chern class of P.
However, in this case,

[M, BSU(2)] — H*(M, Z)

is, in general, neither surjective nor injective.
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Physical derivation of T-duality

A 2D non-linear sigma model describes maps X from a
2-dimensional surface (‘worldsheet’) ¥ to an N-dimensional
manifold M (‘target’), equipped with additional structure

For example

SIX] = 1 f¢ Gj(X) dX A dXi + Bj(X) dX' A dXi
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Symmetries of sigma model

Given a set of vector fields va(X) = vi(X)d; forming a Lie
algebra g
[Va, vb] = CCapVe

Consider the infinitesimal transformations
6 X" = Vi(X) e
we have

5.S = / (L, G ,,dX’/\*dX/+(EVaB),-/-dX’/\dX/)

The sigma model action is invariant under these
transformations if

‘CVaGZOa EVaBZO

If this is the case, we can gauge the model by promoting the
global symmetry to a local one (i.e. take e € C*™(L, g))
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The gauged action

Introducing gauge fields A € Q'(X, g) the gauged action is
given by

S[X, Al = 1 [+ Gji(X) DX’ A «DX! + Bj(X) DX A DX/

where _ ‘ .
DX' = dX' — v} A?

are the covariant derivatives.
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Gauge invariance

The gauged action S[X, A] is invariant with respect to the
following (local) gauge transformations:

5X! = vl e?

5. A=de+[A ¢ = (de? + C3p AP )T,

where T3 is a basis of g.

Now suppose we want the gauged sigma model to be
equivalent to the the ungauged model. Then we need to fix the
gauge’
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Gauge fixing

Introduce the curvature F € Q?(Z, g)
F=dA+AANA=(dA? + JC3 AP N A°)T, = F2T,

and an ‘auxiliary field’ X € C>(%, g*), with infinitesimal
transformation rules

§cF? = G FPe®
665\(3 =-C°» 5\(c€b
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Gauge fixing

Consider the action

SIX, A, X] =3 [; (Gj(X) DX A xDXI + By(X) DX’ A DX)

+/)A(5,Faz
>

The equation of motion for )A(a gives F8 =0.

To solve this equation we need to lift the action of g to an action
of the group G (g = Lie G)
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Example: Group manifold

Letg: X -G
Slg] =} Jx(g"dg » x9"dg)a
Invariant under left action of h € G
Slhg] = Slgl
while
Slghl = 3 J(Ad(h~")g™"dg 2 Ad(h~") x g~'dg)a

So, invariant under right action of G if G is Ad-invariant (Killing
form)
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Example: Gauged

In that case we can gauge in the standard way, and obtain the
gauged model (with F-term)

Slg. A X] =} [(g'Dg % xg~1Dg)g + [¢ (X, F)
where

g 'Dg=g'dg- A
F=—dA+AAA

and gauge symmetry, for he G

g—gh
A= h'Ah+h'ah
X — Ad*(h~ )X
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Example: Gauged model

Solving F = 0 gives A= —dkk~" for k € C*(X,G), and
substituting

g 'Dg — g 'dg + dkk~" = k((gk)d(gk)) k"

l.e.
Slg. A = —dkk~"] = S[gk]

so after ‘fixing the gauge’ we recover the ungauged model.
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(Non-abelian) T-duality

On the other hand, first solving the equation of motion for A,
and then fixing the gauge, gives dual model

S[X] = 1 [y G(X) dXa A xdXp
with dual ‘metric’

/anb = Gab - Ccabj\(c
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Abelian T-duality

Suppose we have a U(1)N isometry X — X™ + ™, then the
T-duality rules are given by the Buscher rules

~ Q. Q
Q= | Sw Hun
/ (le/ an>
_ (QW — Qum(Q1)™Qp, —Qum(Qq)mn)
(Q " Qn (Q Nmn

where Q; = Gj + Bj.
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Abelian T-duality

More explicitly, for a U(1) isometry,

- 1

J 6]

Q)
L
=
Il
=

o

- A (G.;,LG.I/ - B.;},B.l/)

)
BS
S
|
oo
= N
o

@

T3
I |
®

R
[

( Gou Boy - Gou Bou)
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Abelian T-duality

Letting

G = G, dX" ® dX” + (df + A,dX") & (d + A,dX")
B = 1B,,dX" A dX” + B,.dX" A (d6 + A,dX")

gives back the T-duality rules for H = dB and F = dA as
discussed before.
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T-duality
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THANKS
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